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RICCI-MEAN CURVATURE FLOWS IN GRADIENT SHRINKING 

RICCI SOLITONS 

HIKARU YAMAMOTO 


Abstract. Huisken studied asymptotic behavior of a mean curvature flow 
in a Euclidean space when it develops a singularity of type I, and proved that 
its rescaled flow converges to a self-shrinker in the Euclidean space. In this 
paper, we generalize this result for a Ricci-mean curvature flow moving along 
a Ricci flow constructed from a gradient shrinking Ricci soliton. 


1. Introduction 


Let M and N be manifolds with dimension m and n respectively, satisfying m < 
n. Let g = ( g t ; t £ [0, T\) ) be a smooth 1-parameter family of Riemannian metrics 
on N and F : M x [0, Tf) —> N be a smooth 1-parameter family of immersions with 
T 2 < Ti, that is, Ft : M N defined by Ft(-) := F(-,t) is an immersion map. 
We say that the pair of g and F is a solution of the Ricci-mean curvature flow if 
it satisfies the following coupled equation of the Ricci flow and the mean curvature 
flow: 

(!a) ^ = —2Ric(g t ) 

(lb) -^=H(F t ), 


where H(F t ) denotes the mean curvature vector field of F t : M —> N computed by 
the ambient Riemannian metric gt at the time t. Note that this coupling is partial, 
that is, the Ricci flow equation (flail does not depend on F. It is clear that a 
Ricci-nrean curvature flow is a mean curvature flow when the ambient Riemannian 
manifold (N,g 0 ) is Ricci flat (especially (R”,g st )). 

Huisken m studied asymptotic behavior of a mean curvature flow in a Euclidean 
space when it develops a singularity of type I, and proved that its rescaled flow 
converges to a self-shrinker in the Euclidean space. In this paper, we generalize 
this result to a Ricci-nrean curvature flow moving along a Ricci flow constructed 
from a gradient shrinking Ricci soliton. Before stating our main results, we review 
the definition of self-similar solutions in R" and the results due to Huisken El- 

On R n , we naturally identify a point x = (a; 1 ,..., x n ) £ R" with a tangent vector 
it £ T x R" by 


! d 

t:=x a^ + - 


d 

dx n 
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For an immersion map F : M —> R", we have a section € r(M, F*(TR")) defined 
by (p) := F(p) for all p £ M. Then F : M —> R” is called a self-similar solution 
if it satisfies 

(2) H{F) = ^ 

for some constant A 6 1, where _L denotes the projection onto the normal bundle 
of M. A self-similar solution is called a self-expander, steady or self-shrinker when 
A>0,A = 0orA<0 respectively. 

Let M be an m-dimensional compact manifold and F : M x [0, T) —> R" be a 
mean curvature flow with the maximal time T < oo, that is, we can not extend the 
flow over the time T. Further assume that F satisfies the following two conditions 
(Al) and (Bl). 

(Al) The norm of the second fundamental form of F t (denoted by A(F t )) satisfies 

limsup(\/T — tmaxM(F t )|) < oo. 
t->r M 


(Bl) There exists a point p 0 in M such that F t (po) — > O € R" as t —> T. 

If a mean curvature flow satisfies (Al), then we say that it develops a singularity 
of type I, and for the remaining case we say that it develops a singularity of type 
II. The condition (Bl) guarantees that there exists at least one point in M such 
that its image of the rescaled flow remains in a bounded region in R n , thus the 
limiting submanifold is nonempty. In HD, it is also assumed that \A(F t )\(po) — > oo 
as t —> T for po given in (Bl). However, this assumption is not necessary to prove 
Theorem 11.11 introduced below. 

For each t £ (—oo, T), let : R n —>■ R ra be a diffeomorpliism of R™ defined by 


$t(a;) 


1 

. x. 

y/T^t 


Define the rescaled flow F : M x [— logT, oo) —»• R" by 

F s := <I> t ° F t with s = — log (T — t). 


Then it satisfies the normalized mean curvature flow equation: 


dF s 

ds 


H(F S ) + ±F S - 


Huisken proved the following (cf. Proposition 3.4 and Theorem 3.5 in [IT]). 


Theorem 1.1. Under the assumptions (Al) and (Bl), for each sequence Sj —> oo, 
there exists a subsequence Sj k such that the sequence of immersed submanifolds 
:= F Sjk (M) converges smoothly to an immersed nonempty limiting submani¬ 
fold Moo C R ra , and M a0 is a self-shrinker with A = — 1 in m- 


By this theorem, a self-shrinker can be considered as a local model of a singularity 
of type I for a mean curvature flow in R n . 

On the other hand, there is also the notion of type I singularity for a Ricci flow 
g = (; t £ [0, T) ) on a manifold N. Assume that T < oo is the maximal time. 
We say that g forms a singularity of type I if 

limsup((T — t) sup |Rm((/t)|) < oo, 
t-tT N 
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where Rm(g*) denotes the Riemannian curvature tensor of gt . In the Ricci flow 
case, a gradient shrinking Ricci soliton can be considered as a local model of a 
singularity of type I (cf. [3 [2T5] GDI)- Actually, from a gradient shrinking Ricci 
soliton, we can construct a Ricci flow which develops a singularity of type I by 
the action of diffeomorphisms and scaling. In this paper, we consider a Ricci- 
mean curvature flow along this Ricci flow, and assume that the mean curvature 
flow and the Ricci flow develop singularities at the same time. Then we prove the 
convergence of the rescaled flow to a self-shrinker in the gradient shrinking Ricci 
soliton under the type I assumption (more precisely, under the assumption (A2) 
when N is compact, and (A2) and (B2) when N is non-compact). The precise 
settings and main results are the following. 

Let (N, g , /) be an n-dimensional complete gradient shrinking Ricci soliton with 

(3) Ri c(g) + Hess f - = 0. 

As Hamilton’s proof of Theorem 20.1 in [5], one can easily see that R(g) +1 V/| 2 — / 
is a constant, where R(g) denotes the scalar curvature of g. Hence by adding some 
constant to / if necessary, we may assume that the potential function / also satisfies 

(4) R(g) + |V/| 2 — / = 0. 

For an immersion F : M —> TV, we get a section (V/) o F £ T(M, F*(TN )), and 
we usually omit the symbol oF, for short. 

Definition 1.2. If an immersion map F : M —> N satisfies 

(5) H(F) = A V/ X 

for some constant A S 1, we call it a self-similar solution. A self-similar solution 
is called a self-expander, steady or self-shrinker when A>0, A = 0 or A < 0 
respectively. 

Definition 1.3. If a 1-parameter family of immersions F : M x [0, S) —> N satisfies 

r)F 

(6) -^=H(F S ) + Vf, 

we call it a normalized mean curvature flow. 

Fix a positive time 0 < T < oo. Let {<h t : N —> A^} t6 (_ 00iT ) be the 1-parameter 
family of diffeomorphisms with $o = idgenerated by the time-dependent vector 
field V t := yzyV/. For t £ (—oo,T), define 

g t := (T - t)<l>*g and f t := t>* f. 

Then gt satisfies the Ricci flow equation (flail . Assume that F : M x [0, T) —> N is a 
solution of Ricci-mean curvature flow m along this Ricci flow g = (g t ; t £ [0, T )). 
We consider the following two conditions (A2) and (B2). 

(A2) The norm of the second fundamental form of F t (denoted by A(F t )) satisfies 

limsup(\/T — tmax \A(F t )\) < oo. 

t—tT M 

(B2) There exists a point po £ M such that when t —> T 
t-F t {po),t -t / pointwise on N x [0, T), 
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where / : N x [0, T) —» R is a function on N x [0, T) defined above and 
1*,. : N x [0, •) —> M is the reduced distance based at (*, •). 

Remark 1.4. The condition (A2) corresponds to (Al). In (A2), note that A(F t ) 
and its norm |A(F t )| are computed by the ambient metric gt at each time t. In this 
paper, we do not assume that 

(7) limsupsup |A(F t )| = oo. 

t->T M 

If F : M x [0,T) —> N satisfies (0 and (A2), we say that F develops a singularity of 
type I. Hence (A2) is slightly weaker than the condition that F develops a singular¬ 
ity of type I. Especially, non-singular case (that is, limsup t _> T sup M |A(Ft)| < oo) 
is contained in (A2). 

Remark 1.5. The condition (B2) corresponds to (Bl). In (B2), ^F t (p 0 ),t 
reduced distance for the Ricci flow g based at (F t (po),t) introduced by Perelman. 
Here we explain this briefly. Let (N,g t ) be a Ricci flow on [0,T). For any curve 
7 : [ti,t 2 ] —y N with 0 < t\ < tz < T, we define the ^-length of 7 by 

£(7) := f y/t 2 - t(R{gt ) + I71 2 )dt, 

-til 

where |y| is the norm of 7 (t) measured by gt- For a fixed point (P 2 A 2 ) in the 
space-time N x (0,T), we get the reduced distance 

^P 2 ,t 2 '■ N x [ 0 ,^ 2 ) — t R 

based at (P 2 A 2 ) defined by 

t P2 ,t 3 (Pi,ti) ■= 0 / , 1 , inf£( 7 ), 

Wl2 — 1 1 7 

where the infimum is taken over all curves 7 : [£ 1 ,^ 2 ] —> N with 7 (^ 1 ) = pi and 
7 (^ 2 ) = P 2 - In Remark fl-lOl we see that (Bl) and (B2) are equivalent when (N, g , /) 
is the Gaussian soliton (M. n ,g st , ||x| 2 ). 

If ( N,g,f ) is compact (resp. non-compact), we assume that F satisfies (A2) 
(resp. (A2) and (B2)). As in the Euclidean case, we consider the rescaled flow 
F : M x [— logT, 00 ) —> N defined by 

( 8 ) F s :=$ t oF t with s = -log(T-f), 

and we can see that F becomes a normalized mean curvature flow in ( N , g , /) (cf. 
Proposition 14.41) . Then the main results in this paper are the following. 

Theorem 1.6. Assume that ( N,g,f ) is compact. Let F : M x [0,T) N be a 
Ricci-mean curvature flow along the Ricci flow ( N,g t ) defined by gt := (T — t)<f>*g. 
Assume that M is compact and F satisfies (A2). Let F : M x [—logT, 00) —» N 
be defined by (0). Then, for any sequence s 1 < S 2 < ■ ■ • < Sj < 00 and 

points in M, there exist sub-sequences Sj k and Xj k such that the family 

of immersion maps F Sjk : M —> N from pointed manifolds (Al, Xj k ) converges 
to an immersion map Foo : -A N from some pointed manifold {Mqo^Xoo). 

Furthermore, is a complete Riemannian manifold with metric F^g and Foe is 
a self-shrinker in ( N,g , /) with X = —l, that is, Foo satisfies 

= -V/ x . 
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Theorem 1.7. Assume that (N,g,f) is non-compact and satisfies the assumption 
in Remark ] 1. A Under the same setting in Theorem, 1 1 . 61 assume that M is compact 
and F satisfies (A2) and (B2). Then, for any sequence of times Sj, the same 
statement as Theorem 1 1 . 61 holds, where we fix Xj := po for all j. 

Remark 1.8. For a complete non-compact Riemannian manifold (TV, g), we assume 
that there is an isometrically embedding 0 : N —> R L into some higher dimensional 
Euclidean space with 

|VU4(0)| < D p < oo 

for some constants D p > 0 for all p > 0. Under this assumption, one can see that 
(IV, < 7 ) must have the bounded geometry by Theorem I C. 5 1 and Gauss equation (15^1) 
(and its iterated derivatives). 


Remark 1.9. The notion of the convergence of immersions from pointed manifolds 
is defined in Appendix [0(cf. Definition lC.71) . Roughly speaking, it is the immersion 
version of the Cheeger-Gromov convergence of pointed Riemannian manifolds. 


Remark 1.10. We see that Theorem 1 1 . 71 implies Theorem 1 1.1 1 in R™. Consider R" 
as the Gaussian soliton with potential function f(x) := j\x\ 2 . Since it = 2V/(a:), 
Definition HT2l coincides with © in R n . It is trivial that (R™ , g s t) satisfies the 
assumption in Remark ll.81 We take T = 1 for simplicity. Then we have 

®* (I) = W=t x ' 9, = 9 - f{x ' ,) = W~ry 


Since g t is the trivial Ricci flow, the condition (Al) and (A2) coincides. Further¬ 
more, one can easily see that in this trivial Ricci flow Perelman’s reduced distance 
bases at (*,•) is given by 




4 (•-*)' 


Hence it is clear 


e Ft (p 0 ),t —► f pointwise on R n x [0,T) 

when F t (po) —> O as t —> T, that is, the condition (Bl) implies (B2). Conversely, 
under the assumption (B2) we can see that F t (p 0 ) —> O as t —> T since 


lmpo)] 2 = ^F t (po),t(0, 0 ) /( o, 0 ) = 0 

as t —> T(< oo). Hence (Bl) and (B2) are equivalent in R”, and Theorem 11.71 
implies Theorem ll.il 


Example 1.11. Here we consider compact examples of self-similar solutions em¬ 
bedded in compact gradient shrinking Ricci solitons. Let (N, g , /) be a compact 
gradient shrinking Ricci soliton. Then N itself and a critical point P (0-dinrensional 
submanifold) of / are trivially compact self-similar solutions, since H = 0 and 
V/^ = 0. The next examples are given in Kahler-Ricci solitons. Let ( N,g,f) 
be a compact gradient shrinking Kaliler Ricci soliton. Let M C N be a compact 
complex submanifold such that the gradient V/ is tangent to M. Then M is a 
compact self-similar solution, since H = 0 (by a well-known fact that a complex 
submanifold in a Kahler manifold is minimal) and V/^ = 0 on M. Actually, Cao 
m and Koiso El (for notations and assumptions, see [B]) constructed examples of 
compact gradient shrinking Kahler Ricci solitons. By their construction, each soli¬ 
ton is the total space of some complex P 1 -fibration and the gradient of the potential 
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function is tangent to every P 1 -fiber. Hence each P 1 -fiber is a compact self-similar 
solution with real dimension 2. 

Finally, we give some comments for Lagrangian self-similar solutions. For a 
Lagrangian immersion F : L —> N in a Kahler manifold N with a Kahler form 
w, a 1-form ujh on L defined by ujh(X) := w(H(F), F*X) is called the mean 
curvature form. In Theorem 2.3.5 in 221. Smoczyk proved that there exists no 
compact Lagrangian self-similar solution with exact mean curvature form in C". In 
his proof, it is proved that a compact Lagrangian self-similar solution with exact 
mean curvature form is a minimal submanifold in C n . However there exists no 
compact minimal submanifold in C ra . Hence the assertion holds. As an analog of 
this theorem, we have the following theorem and its proof is given at the end of 
Section [4] 

Theorem 1.12. Let ( N,g,f ) be a gradient shrinking Kahler Ricci soliton and 
F : L —»• N be a compact Lagrangian self-similar solution with exact mean curvature 
form. Then F : L —»• N is a minimal Lagrangian immersion. 

Relation to previous literature. Recently there has been some studies in Ricci- 
mean curvature flows. One of main streams of the study is to generalize results 
established for mean curvature flows in Kahler-Einstein manifolds to Ricci-mean 
curvature flows along Kahler-Ricci flows. For example, some results for Lagrangian 
mean curvature flows can be generalized (cf. [T0lll4] h Another main stream of the 
study is to generalize Huisken’s monotonicity formula in R” to Ricci-mean curvature 
flows along Ricci flows. In this direction, Lott considered a mean curvature flow 
in a gradient Ricci soliton in Section 5 in EE and a certain kind of monotonicity 
formula is obtained in gradient steady soliton case. He also gave a definition of a 
self-similar solution for hypersurfaces in a gradient Ricci soliton. Our definition of a 
self-similar solution (cf. Definition 1 1.211 coincides with Lott’s one for hypersurfaces. 
In Remark 5 in EE he pointed out the existence of an analog of a monotonicity 
formula in gradient shrinking soliton case. Actually, a monotonicity formula for a 
mean curvature flow moving in a gradient shrinking Ricci soliton was also given 
by Magni, Mantegazza and Tsatis (cf. Proposition 3.1 in jTBJ) more directly. In 
this paper, we reintroduce their monotonicity formula in Section |4l There is also 
a generalization of Huisken’s work to a mean curvature flow in a Riemannian cone 
manifold (cf. [7]). 

Organization of this paper. The rest of this paper is organized as follows. In 
Section [21 we prove Theorem 11.61 and 11.71 after reviewing the proof of Theorem ll.il 
In this proof, we use lemmas and propositions proved in the following sections 
and appendices. In Section [3j we introduce some general formulas for the first 
variation of a certain kind of weighted volume functional. In Section [H we study 
some properties of Ricci-mean curvature flows along Ricci flows constructed from 
gradient shrinking Ricci solitons, and introduce the monotonicity formula. Fur¬ 
thermore, we prove the estimates for higher derivatives of the second fundamental 
forms of a rescaled flow and give an analog of Stone’s estimate. In Appendix [A] 
we give a general treatment of evolution equations for tensors along Ricci-mean 
curvature flows. In Appendix [Bj we give an estimate which is used in the proof 
of Lemma 14.101 In Appendix [C] we give a definition of convergence of immersion 
maps into a Riemannian manifold and prove some propositions. 
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2. Proofs of main theorems 

In this section, we give proofs of Theorem 11.61 and 11.71 First of all, we review 
the proof of Theorem 11.11 The key results to prove Theorem 11.11 are the following 

(i), (ii) and (iii). 

(i) The monotonicity formula for the weighted volume functional (cf. Theorem 
3.1 and Corollary 3.2 in HU). 

Here the weighted volume functional is defined by 



for a submanifold M in l n . This result corresponds to Proposition 14.51 and 14.61 
For a submanifold M (or immersion F : M -A N) in a gradient shrinking Ricci 
soliton ( N , g, /), we consider the weighted volume functional f M e~^d^(F*g). The 
monotonicity formula decides the profile of the limiting submanifold M^ if it exists. 

(ii) Uniform estimates for all derivatives of second fundamental forms of M Sj 
(cf. Proposition 2.3 in [Til). 

This result corresponds to Proposition l4.9l It is proved by the parabolic maximum 
principle for the evolution equation of |V fc A s | 2 and the argument of degree (it is 
explained in the proof of Proposition 14.91) . This result implies the sub-convergence 
of M Sj to some limiting submanifold M^. 

(iii) A uniform estimate for the second derivative of the weighted volume func¬ 
tional. It is proved by Stone’s estimate (cf. Lemma 2.9 in [21]) and the 
result (ii). 

In this paper we prepare an analog of Stone’s estimate in Lemma 14.71 and by 
combining Lemma 14.71 and Proposition 14.91 we prove Proposition 14.101 which is an 
analog of the result (iii). This result is necessary in the following sense. In general, 
if we know < 0 for some smooth non-negative function T : [0, oo) —> [0, oo), 

we can say that F is monotone decreasing and converges to some value as s —> oo. 
However we can not say that j^F(sj) —» 0 for any sequence Si < S 2 <■■•—>• oo. 
If we further know that |^J r (s)| < C uniformly, then we can say that. In our 
situation, F(s) is the weighted volume of M s . This argument is pointed out right 
before Lemma 3.2.7 in m- 

Proof of Theorem 1 1. 61 First, we prove the existence of a smooth manifold and 
a smooth map F a0 : —> N. Next, we show that this F is a self-shrinker by 

using the monotonicity formula (1231) in Proposition 14.61 

By Proposition 14.91 for all k = 0,1,2,..., there exist constants Ck > 0 such that 

|V a ’A(F s )| < C k on M x [-logT,oo). 

Since N is compact, by Theorem lC.91 we get a sub-sequence jk, a pointed manifold 
(Moo, Zoo) and an immersion map F a0 : —> N with a complete Riemannian 

metric F^g on M oo such that F Sjk : (M, Xj k ) —> N converges to Foo : (Moo, £oo) —> 
N in the sense of Definition 1C.71 as k —> oo. We denote F Sjk by Fk for short. 
Then, there exist an exhaustion {Uk}kLi of Moo with Xoo G Uk and a sequence 








HIKARU YAMAMOTO 


of diffeomorphisms 'I ! k • U k -¥ V k '■= ’F k{U k ) C M with 'Ffc(xoo) = Xj k such 
that ^l(F k g) converges in C°° to F^g uniformly on compact sets in Moo, and 
furthermore the sequence of maps F k o 'F k : Uk —> N converges in C°° to : 
Moo —> N uniformly on compact sets in M 00 . 

Let K C Moo be any compact set. Then we will prove that 

2 


ik 


H(Foo) + Vf ±p 


o-f ° F ~ 


d»(F^g) = o. 


It is clear that this implies that Foo '■ Moo —> N satisfies 

H(Foo) = -Vf-I-Pao 

on Moo, where Tdenotes the normal projection with respect to Foo■ Its proof 
is the following. For K , there exists ko such that K C Uk for all k > ko- Since 
Fk o \& k : Uk —> N converges to Foo ■ Moo — > N in C°° uniformly on K for k > ko, 
we have 

2 


(9) 


’ K 


IK 


H(F k oV k ) + Vr**°** 
2 


e-f°( Fk °* k) M(F k o<t> k )*g) 


H(Foo) + S7 f ±p °- 


e-f^d^'g) 


as k —> oo. Since : ft ^ 14 C M is a diffeomorphism, it is clear that 

2 


Ik 


H(F k o * fc ) + _e- fo{F ^ k) dn((F k o V k )*g) 


( 10 ) 


l'fk(K) 


H (F k ) + Vf ±Pk 


o~f° F k 


duffig) 


< 


/ M 


H{F k ) + V/ x ^ 


o~f°F k 


dg(F^g). 


By using the monotonicity formula (|23|) and Lemma 14. 10( one can prove that 

2 


( 11 ) 


IM 


H(F k ) + Vf ±p * _e~f° Fk d^F* k g) 0 


as k —> oo by the argument of contradiction. Actually, assume that there exist a 
constant 6 > 0 and a subsequence {£} C {&} with i —»> oo such that 

2 


im 


H(F t ) + Vf ±p * e- foF ‘d^Prg) > 5. 


Then one can easily see that 


im 


H(F S ) + Vf ±p * _e~f° p ‘dn(F;g) > -, 


for s £ [s£,sz+ 2 ^ 7 ], where we used Lemma 14.101 and C is the constant appeared 
in that lemma. Hence we have that 


' — log T J M 


H(F S ) + \7f ±p * 


o-f 


dfi(F*g)ds = oo. 


On the other hand, by the monotonicity formula 
d 


o-f°F 


ds 


M 


dg(F*g) = - / H(F) + S7 f ±p 
JM 


0 —f°F 


dg-{F*g) < 0, 
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the weighted volume 


e -f°^‘dp(F*g) 


M 


is monotone decreasing and non-negative, thus it converges to some value 


a := lim 

s —^OO 


o-f°Fs 


dg(Ffg) < oo. 


M 


Hence we have 


'-log T JM 


H(F S ) + V/^ _e-f 0 ^dg(F*g) = ~a+ e~f°^dg{F;g) < oo, 


M 


where • = — logT. This is a contradiction. Thus, by combining d2D-dUD, it follows 
that 


Ik 


HiF^) + V/^» _e-j° p °°dn(FZ,g) = 0. 


Here we completed the proof. □ 

Next, we give the proof of the non-compact version of the above theorem. 

Proof of Theorem [13 We will prove that F Sj (p 0 ) is a bounded sequence in (IV, g). 
For any t\, t 2 with 0 < t\ < t 2 < T, we can take {-Fi(po)}te[ti,t 2 ] as a curve joining 
F tl (po) and F t2 (po). Hence we have 


1 t*2 / Qp 

< Vt2 _^ j ti Vh=i (#(<?*) + J 


dt 


rt 2 


2y/t 2 — t\ 


Vh - t(R(gt ) + \H(F t )\ 2 )dt 


By the assumption (A2), (T — t)\H(F t )\ 2 is bounded, and it is clear that (T — 
t)R(gt) = R(go) and it is also bounded by the assumption in Remark fPsl Hence 


we have R(gt) + \H(F t )\ 2 < for some C > 0 and 




dt 


<- 


C 


rt 2 


J tl y/T=t 

VT^h 


dt 


<C ._ 

y/t 2 — ti 

By the assumption (B2), by taking the limit as t 2 —> T, we have 

f{FtAPo),ti) < C. 

Since f{F t (po),t) = ft(Ft(po)) = f(F s (p 0 )), the above bound means that 

f(F s ( P0 )) < C 

on s G [— logT, 00 ). In [2] (cf, Theorem 1.1), Cao and Zhou proved that there exist 
positive constants C\ and C 2 such that 

\(r-C 1 ) 2 <f<^(r + C 2 ) 2 
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on TV, where r(g) = dg(qo,q) is the distance function from some fixed point go in 
TV. Hence we have 

d~ g {qo,F s (po)) < 2\[C + Ci, 

that is, F s (po) moves in a bounded region in TV. Hence we can use Tlieorem lC.fll with 
a bounded sequence F Sj (po). Then the remainder part of the proof is completely 
same as the proof of the case that TV is compact. □ 

3. Monotonicity formulas 

In this section, we introduce some general formulas which are useful in the fol¬ 
lowing sections and appendices. Let M and TV be manifolds with dimension m and 
n respectively, and assume that m < n and M is compact. We denote the space of 
all immersion maps from M to TV by 3mm(M, TV) and the space of all Riemannian 
metrics on TV by 9Jtet(TV). Consider the following functional: 

F : C°°{M) x 3mm(M,TV) x C°°(N) >0 x SDtct(TV) M 

F(u,F,p,g) := [ u F*p dp(F*g). 

Jm 

Here u is a smooth function on M and p is a positive smooth function on TV. First 
of all, we remark some elementary symmetric properties associated with F. Here 
we denote diffeomorphism groups of M and TV by Diff (M) and Diff (TV) respectively. 

Remark 3.1. For £ Diff(Al) and if) £ Diff (TV), we have 

F(ip*u, %/j- 1 o F o ip, %p*p, i/j*g) = F(u , F, p, g), 

and for a positive constant A > 0 we have 

F(\ n ~ m u, F ', \~ n p, X 2 g) = F(u, F, p, g). 

Let p := (u, F, p,g) be a point in C°°(M) x3mm(M, TV)xC' oo (TV) >0 x®Ict(TV) and 
v := (w, V , k, h) be a tangent vector of C°°(M) x 3mm (M, TV) x C oo (TV) >0 x 9Hct(TV) 
at p. Namely, w £ C°°(M), V £ r(M, F*(TN)), k £ C°°{N) and h £ Sym 2 (TV). 
Then we consider the first variation of F at p in the direction v, denoted by 6 v F(p). 

Proposition 3.2. We have 

6 v F(p)=- [ ug(V + V f ±F , H(F) + V f ±F ) F*p dp(F*g) 

JM 

uF* ^A g p + k + —p tr h^j dp(F*g) 

^ w — A F * g u — g(V, F*S7u) 

+ wtr J-F (Hess / — ^h)^j F*pdp(F*g ), 

where we define f by p = (47r r)~^e~^ for a positive function r = r(t) (which 
depends only on t ) and H(F) is the mean curvature vector field of immersion F 
from M to a Riemannian manifold (TV, g). 

Remark 3.3. Here, note that there is an ambiguity of a choice of a function r, 
but the gradient and Hessian of / do not depend on the choice of r. 
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Notation 3.4. By _I_ F , we denote the normal projection with respect to the or¬ 
thogonal decomposition 

F*(TN) = F* (TM) ® T ±F M 

defined by the immersion F, and by tr ±F we denote the normal trace, that is, for 
a 2-tensor g on N and a point p £ M, (tr“ L - F if) (p) is defined by 


(tr J - F rf){p) := ^ ? ? (F(p))(^, ^), 


where f 1 is an orthonormal basis of T^ F M. 

Proof. Let {F s : M —> iV} sg (_ eie ) be a smooth 1-parameter family of immersions 
with 

dF 

F 0 = F and —- = V. 

ds 5=0 

Let u a := u + sw, p s := p + sk and g s := g + sh. Then p s := (u a , F a , p a , g a ) is a 
curve in C°°(M) x 3mm (M,N) x C°°(N) >0 x SD'tct(iV') with p 0 = p and p 0 = v. 
Then the first variation of T at p in the direction v is calculated as 

6 v F(p) = ^_ HPs) = ^- [ u a Ffp s dp{F* s g s ), 

ds s=0 ds s=0 JM 

and we have 


1 5=0 Jm 


U a Ffp a dp(Ffg s ) 


(14) = [ wF*pdp(F*g)+ f ug(V, Vp) dp(F*g) + f uF*kdp(F*g ) 

Jm Jm Jm 

+ L “ »>) + L uF> {iL MF ' 9 - ) ) ■ 

It is well-known that the first variation of the induced measure dp(Ff g) is given by 
4- dp(Ff g) = {div F . g F~\V Tf ) - g(H(F), V)}dp(F*g). 


On the right hand side of the above equation, we decompose V as V = V Tp +V- Lp £ 
F,(TM) ® T ±F M, and we take the divergence of F® 1 (V rTF ) on a Riemannian 
manifold ( M,F*g). 

On the other hand, F*g s is a time-dependent metric on M. Since g s = g + sh, 
we have F*g s = F*g + sF*h. Thus, the derivation of F*g s is F*h at s = 0. In such 
a situation, it is also well-known that the first variation of the induced measure 
dg(F*g a ) of a time-dependent metric on M is given by 


4~ dg{F*g s ) = \tT{F*h)dp{F*g), 

dS 5=0 2 
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where the trace is taken with respect to a metric F*g on M. By the divergence 
formula on (M,F*g), we have 

[ uF*pdW F , g F~ 1 (V TF )dp{F*g) 

J M 

= - f (F*g)(F- 1 (V T ny(uF*p))dp(F*g) 

J M 

= - f g(V,F*Vu) F*pdp(F*g) — f ug(V,V P Tf ) dp(F*g). 

J M J M 


Since Vp = —pV/, we have 


Ws) 


(15) 


[ ug(Vy P )dp(F*g)+ [ uF*p(J- 

J m Jm \ ds 

= - [ g(V,F*Vu)F*pdp(F*g)- [ ug(V,H(F) + V/" Lf ) F*p dp(F* g). 
Jm Jm 


i m 

It is clear that 


tr (F*h) = F*(tr h) — tr J_F h. 


Hence we have 


[ uF*kdp(F*g)+ [ uF*p 

Jm Jm 


dp(F*g s ) 


s =0 


= [ uF*(k + \ptvh\dp(F*g) - [ ^-uF*p(ti ±F h)dp(F*g). 

Jm \ z J Jm z 

Furthermore, one can easily see that 

F*(A g p) = A F , g (F*p)-g(H(F),\7p) + tr ±F (Ressp) 

= A F * g {F*p) + F*pg(V.f ±F ,H(F) + Wf ±F ) - F*ptr ±F (Hess/). 
Hence we have 

[ uF*kdp(F*g)+ [ uF*p( -j- dg{F*g s )\ 

Jm Jm \ds s=0 / 

= f uF*(A g p + k + ]-ptrh\dp,{F*g) - f ^-uF*p(tr ±F h)dp(F*g) 
Jm V i J Jm z 

- ( uF*(A g p)dp(F*g) 

Jm 

= J n F* ^A g p + k +-pti h S jdp(F* g) 

~ f n g(\7f ±F , H(F) + X7f ±F ) F*p dp(F*g) 

Jm 

+ J (^-A F , g u+ utr ±F (Hess/-I/i)^ F*pdp(F*g), 


(16) 


where we used 


f uA F . g (F*p)dp(F*g) = [ (A F * g u) F*p dp{F*g). 
J m Jm 

Finally, by combining equations (Tun) - (fT6l) . we get the formula (fl3l) . 


□ 
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By using this general formula we get the following monotonicity formula 
for Ricci-mean curvature flows. 

Proposition 3.5. Assume that the pair g = ( gt ; t £ [0, Tj)) and F : M x [0, T 2 ) —> 
N is a solution of Ricci-mean curvature flow with X 2 < Tj, that is, these satisfy 
i flal ) and W- Further assume that a smooth positive function p : N x [0, Tfl) —> R + 
on N and a smooth non-negative function u : M x [0, T 2 ) —> R on M satisfy the 
following coupled equations: 


(17a) 

(17b) 


— -A gt pt + R{gt)pt 

du 

= A F . gt u t - u t tr ±F ‘ (Ric(ff t ) + Hess f t ), 


where we define f by p = (47 tt) 2 e 7 for a positive function r = r(t). Then we 
have, for all t £ ( 0 ,X 2 ) ; 


(18) —J r (u t ,F t ,p t ,g t ) = - 


u t 


'M 


H{F t ) + V./f F ‘ F*p t dp(Ff g t ) < 0. 


Proof. Since gt is a solution of the Ricci flow dial) . h = — 2 Ric(< 7 t) in the equation 
m of Proposition ^. 2l Furthermore, V = H{F t ) in this case, and g(V, F t fl\7ut) = 0 
since V(= H(F t )) is a normal vector and is a tangent vector. Then, the 

equality (fTHl) is clear by Proposition 13.21 □ 


Remark 3.6. The equation (I17al) is called the conjugate heat equation for the 
Ricci flow, and the equation (I17bl) is a linear heat equation with time-dependent 
potential tr ±F * (Ric(g t ) + Hess ft) on M. 

Proposition 3.7. Assume that r(t) = T — t. Let w:Mx [0,T)->K ie a solution 
for h!7b\). Define v : M x [0, T) — > R by u = ( 47 tt)t“ v . Then v satisfies 


dv 


dSH) 

and the converse is also true. 
Proof. We have 


„ = Af* q v — v tr J ‘ F (Ric + Hess /——), 
dt 9 y J 2 t 


du . 1 , 

— — A F* g u + utr ±F (Ric + Hess/) 

^ _ rjjl yi _ m (f) fj 

=--- u + — - Ap*„u + utr ±F (Ric + Hess /) 

2 r ot 


= (47tt) 

Thus, the equivalence is clear. 


^fdv 

\dt 


— AF* g v + utr" LF (Ric + Hess/ — 7 p)^ ■ 


□ 


Example 3.8. If the ambient space is a Euclidean space, that is, ( N , g) = (R n , g st ), 
we can reduce Huisken’s monotonicity formula from (1181) . Let M be an m dimen¬ 
sional compact manifold and F : M x [0, T) —» R" be a mean curvature flow. Fix 
a point yo £ R™. Let p : R" x [0,T) —► R + be the standard backward heat kernel 
on R” at ( yo,T ), that is, p is defined by 

1 


(MT-t)r 


_ ly—yp I 

.g 4(T — t) 


p(y,t ) : 
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Of course, p satisfies the backward heat equation (I17a,l) with R = 0. In this case, 
since / is \y — yo\ 2 /(A(T — t)), we have 

Ressf = wh) and tr±(Hess/) = 2 jr^ry 

Thus one can easily see that u : M x [0, T) —> R defined by 

u(p,t) := (4tt(T - t)) 2 ^ 

is the non-negative solution of (I17bl) with initial condition u(-, 0) = (4ttT)^~ . 
Hence by Theorem 13.51 we have 


—F{ut,F t ,pt,g s t) 


Ut 


IM 


H(F t ) + Vf t 


-Ft 


2 F t *p t MF t *g st ). 


By definitions, we have 


F(ut,F t ,pt,gst) = / u t F?p t d/j,(F?g a t) 

J M 


and 


Jm (47r(T — t)) 2 

vft{F t { P )) = ^ p) -y° 


1 I Ft — yp | 2 

-re dp{F t *g st ) 


2(T — t) 

at p € M. Then we get Huisken’s monotonicity formula: 


dt Jm (47r(T — t)) 2 


1 \F t -y n \ 2 , . 

4(T-t) d M (F t ffst ) 


Im (47r(T — f))" 


l^t-anr 
-e 4(T-t) 




$(p)-y$) 


-■-Ft 


2(T - t) 


dp(F t *g st ) < 0. 


4. MEAN CURVATURE FLOWS IN GRADIENT SHRINKING RlCCI SOLITONS 

In this section, we recall some definitions and properties of gradient shrinking 
Ricci solitons and self-similar solutions (cf. Definition 11.21) , and prove the mono¬ 
tonicity formula for a Ricci-mean curvature flow along a Ricci flow constructed from 
a gradient shrinking Ricci soliton and also prove an analog of Stone’s estimate. 

Recall that if an n-dimensional Riemannian manifold (N, g) and a function / on 
N satisfies the equation (0: 

Ric (g) + Hess f - ^g = 0, 

it is called a gradient shrinking Ricci soliton. In this paper we assume that (TV, g) is 
a complete Riemannian manifold. Then by the result due to Zhang [25], it follows 
that V/ is a complete vector field on N. As Theorem 20.1 in Hamilton’s paper 
[9], one can easily see that R(g) + |V/| 2 — / is a constant. Hence by adding some 
constant to / if necessary, we can assume that the potential function / satisfying 
0 also satisfy the equation 0: 
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As a special case of a more general result for complete ancient solutions by Chen 
0 (cf. Corollary 2.5), we can see that (N,g,f) must have the nonnegative scalar 
curvature R(g) > 0. Hence we have 

0<|V/| 2 </ and 0 < R(g) < f. 

Fix a positive time T > 0 arbitrary. Let {4> t : N —» JV} te /_ 00iT ) be the 
1-parameter family of diffeomorphisms with 4>o = id^ generated by the time- 
dependent vector field V(t) := V/. For t £ (—oo,T), define 

9t ~ C T-m*~g , f t := $:/, p t := (4tt(T - t))"^"*. 

Then by the standard calculation, one can prove the following (cf. [T9]). 


Proposition 4.1. g is the solution of the Ricci flow, = —2Ric, on the time 
interval (—oo ,T) with go = Tg, and p and f satisfy the following equations: 

(! 9 ) ^ = ~ A gP + R{g)p 

(20) Ric(g)+Hess/- 2(r g _ t) = 0. 

(21) ^( 5 ) + |V/| 2 -^7=0. 


Recall that an immersion map F : M —> N is called a self-similar solution if it 
satisfies the equation 10: 


H(F) = A V/ x , 


and it is called shrinking when A < 0, steady when A = 0 and expanding when 
A > 0. A self-similar solution corresponds to a minimal submanifold in a conformal 
rescaled ambient space. The precise statement is the following. 


Proposition 4.2. Let F : M —»• N be an immersion map in a gradient shrinking 
Ricci soliton ( N,g,f ). Then the following two conditions are equivalent. 

(1) F is a self-similar solution with coefficient A. 

(2) F is a minimal immersion with respect to a metric e 2X ^ m g on N. 

Here m is the dimension of M. 


Proof. One can easily see that in general if we denote the mean curvature vector 
field of F in ( N,g ) by H(F) then the mean curvature vector field in the conformal 
rescaling (N, e 2cp g) is given by 

e' 2v (H(F)-mV/). 

Hence, by putting p := A f /m, the equivalence is clear. □ 


From a self-shrinker, we can construct a solution of Ricci-mean curvature flow 
canonically. 

Proposition 4.3. Let F : M —»• N be a self-shrinker with A = —1. For a fixed 
time T > 0, let 4> ( and gt he defined as above, and define Hq := 4>)” 1 . Then 
F : M x [0, T) —> N defined by F(p,t) := U> t (F(p)) satisfies 


(dF_ 

\dt 


= H(F t . 
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in the Ricci flow ( N,gt ) defined on t £ [0,T), that is, F becomes a solution of the 
Ricci-mean curvature flow in ( N,gt ) up to a time-dependent re-parametrization of 


M. 


Proof. By differentiating the identity 4> t o 1/ t = idjv, we have 

d% 


Hence we can see that 


T-t 

d* t 


dt 


v/+ *-UV =0 - 

tV4 


= -10 


Since H(F) = — V/ -1 , more precisely H(F) = — V/^Ts (note that the notion of 
the normal projection depends on an immersion map and an ambient metric), we 
have 

/ / Y \ \ 


<9T 

~dt 


= 




= -^t* 

1 


T-t 
1 


V/ 


V/ 


J-e, s 


T-t 


T-t 
=H(F t ), 

where H(F ) is the mean curvature vector field with respect to the metric g and 
H(Ft) is the one with respect to the metric gt. □ 


There exists a one to one correspondence between Ricci-mean curvature flows in 
(. N,g t ) and normalized mean curvature flows (cf. Definition 11.31) in ( N,g). 


Proposition 4.4. For a fixed time T > 0, let and gt be defined as above. If 
F : M x [0,T) —> N is a Ricci-mean curvature flow along the Ricci flow ( N,g t ), 
then the rescaled flow F : M x [— logT, oo) -A N defined by the equation (0): 

F s := 4> t o F t with s = — log(T — t) 

for s £ [— logT, oo) becomes a normalized mean curvature flow in ( N,g ), that is, it 
satisfies 

OF 

^ = tf(T) + V/. 

Conversely, if F : M x [—logT, oo) -A N is a normalized mean curvature flow in 
( N,g), then the flow F : M x [0,T) —> N defined by (0) becomes a Ricci-mean 
curvature flow along the Ricci flow ( N,g t ). 


Proof. By differentiating F, we have 

dF 


ir = v/+cr-<>*,.(§). 


Furthermore, it is clear that 

C T-t)$t*(H(F t )) = H(F s ). 


Hence, the correspondence between Ricci-mean curvature flows along ( N,g t ) and 
normalized mean curvature flows in (N, g) is clear. □ 
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Here the monotonicity formula for a Ricci-mean curvature flow moving along the 
Ricci flow ( N,g t ) is almost clear by Proposition 13.51 


Proposition 4.5. For a fixed time T > 0, let g t , ft., and pt be defined as above, 
and define Ut := (47r(T —t)) - . If F : M x [0,T) —► N is a Ricci-mean curvature 
flow along the Ricci flow ( N,g t ) and M is compact, then we have the monotonicity 
formula: 

(22) 4 f u F*P dp{F*g) = - [ u H(F) + Vf ±F * F*pdp(F*g) < 0. 

at J m Jm a 

Proof. By Proposition l4.il we see that p satisfies the conjugate heat equation (|17ajl . 
To see that u satisfies the equation (Il7bl) . we use the equivalent equation EE®. 
In this case, by Proposition l4.ll the equation mm becomes 

dv 

at = 

the standard heat equation on M, where u and v are related by u = t)) v. 

Then v = 1 is a trivial solution of GzEQ- Hence u t = (47r(T — f))" 2 "' becomes 
a solution of (II7bl) . Thus, by Proposition 13.51 we have the above monotonicity 
formula (l22l) . □ 


By Proposition 14.51 we can deduce the following monotonicity formula of the 
weighted volume functional for a normalized mean curvature flow, immediately. 

Proposition 4.6. If F : M x [—logT, 00 ) —> N is a normalized mean curvature 
flow in ( N , g, f) and M is compact, then we have the monotonicity formula: 


(23) 


d_ 

ds 


e~^dp{F*~g) = ~ 




tM 


H(F) + V/^ e~ foF dp{F*g) < 0. 
9 


Proof. In this proof, we follow the notations in Proposition 14.41 It is clear that 
ft 0 Ft = f 0 F s and F f *g t = (T — t)F* g. Hence we have 

u t Ffp t dp(F t *g t ) =(4tt(T - t))~^e~ ft ° Ft dp(F t *g t ) 

=(4t r)-5e-^dpKj). 

Since H{F S ) = (T - t)$t*H{F t ) and V/ = (T — t)$ t *V/ t , we have 


(T-t) H(F t ) + Vf t 


± Ft 


gt 


H(F S ) + V/^a 


Thus, by the equality (1^21) . one can easily see that the equality (E^l) holds. 


□ 


To prove the main theorems, we need the following key lemma. Its proof is an 
analog of the proof of Stone’s estimate (cf. Lemma 2.9 in |24]1. Stone considered 
the weight e~ in the Euclidean case, where / := |a,j 2 /4. However we consider the 

f f 

weight e _ 2 here, since — ^ is a smooth function and we can apply Proposition [321 

Lemma 4.7. Assume that (N , g) has bounded geometry. If F : M x [— logT, 00 ) —»• 
N is a normalized mean curvature flow in (N, g , /) and M is compact, then there 
exists a constant C > 0 such that 

(24) [ e~i oF dp(F*g) < C. 

JM 

uniformly on [— logT, oo). 
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Proof. In this proof, we follow the notations in Proposition 14.41 As the proof of 
Proposition 021 we have 


where 


I M 


Pt ■■= 


e~^ oF ‘ dp(Ffg) = (4tt)? / u t Ffpt dp(F t *g t ), 


IM 


1 


(47t(T — t)) 2 
By Proposition 13.21 we have 

4 / u t Ffpt dg(F t *g t ) 

dt J m 


2 and ut := ( 47 r(T — t)) 2 . 


IM 

=-/«, 
J M 


H{F t ) + \vft Ft 2 F t %dg(F t *g t ) 

* 9t 


+ I u t F'* ( ^ + A gt p t - R(g t )p t ) dp(F t *g t ) 


IM 


+ 


Ap i 9 tUt + Ut tr J_Ft Q Hess f t + Ric {g t )j j Ffp t dp,{F t * g t ). 


By using §£ = |V /| 2 and |V /| 2 = J- - R(g), we have 


d~P _ 


+ o-S(ff) ) ■ 


2{T-t) 2(T — t) 2 

By using A g / = -R(g) + 2(T ra _ f) and |V /| 2 = - R (s), we have 

A g p = p( 


f 1 
7 + 7*(S) - 


4(T — t) 4 


4(T - f) / ' 


Hence we have 


dp . _ , _ _/ n 

df + gP ~ “ P V4(T - t) ~ 4(T - i) 4 


7 - %) ) < 


4(T — t) 


(«-/)• 


Furthermore, since u satisfies 

du 

- A Ft * gt u t + u t tr J - p * (Hess f t + Ric(p t )) = 0, 

we have 


du t 


-gjr ~ A F ? gt ut + u t tr F * ( - Hess f t + Ric (g t ) ) =--u t tr ±F ‘ Hess f t . 


1 


By using Hess ft = 2(T-t) 9 t ~ Ri c (<?t)) we have 


1 


--'«t tr ±F » Hess ft = u t I - 


n — m 1 


4(T - f) 


+ i tr J_Ft Ric(^t)^ . 


It is clear that 


tr J ~ Ft Ric(gt) < (n - m)|Ric(g t )| gt = (n - m) 


l Ric (9)ls / c 


< 


T-t ~ T-t 

where C" := (n— to) max^r |Ric(g)| g is a bounded constant since ( N , 5 ) has bounded 
geometry. Hence we have 




M 


(Co-ftoF t )u t F t *ptdp(F t *g t ), 
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where Co := m + 4 C" + 1. Since s = — log(T — t), we have 

J e~i°F* dg(F*g) = (4tt) u t F t *p t dg(F t *g t ). 

Hence we have 


IM 


d r dg(F*g) < \ 


ds 


' M 


' M 




Here we divide M into time-dependent three pieces as follows: 


Mi'S 

M2 y s 


= F~ 1 ({f<C 0 }), 

= F-\{C 0 <f<2C 0 }), 


M 3)S := F s r 1 ({26 < o < /}). 
On each component, we have 

(C 0 - foF a y-i° p - dg(F*g) < C 0 I 


'Mi, 


/M 2 , 


Mi, a 


d^P:~g), 


Jm 3 , s 

Thus we have 


(c 0 - f o F s y~i°F dg(F:~g) < 0 

(C 0 - foF s y~i°F dg(F*g) < -C 0 \ e~l op - dg{F* s ~g). 


(25) 


<- 


d 

ds 

Co 


e ~2°F M p*~ g) 


' M 


f Mi, 


dn{F* s ~g) - / dg{F* s ~g) . 


IM, 


On the other hand, by the monotonicity formula (cf. Proposition 14.61) . we have 

f e-CF dg(F*g) < O', 


IM 


where C 1 is the value of the left hand side at the initial time s = — log T. We 
further define a region in M by 

M 4 , s := Fp\{f < 2C 0 }) = Mi,, U M 2 , a . 


S S f C 0 jj 

Since e ~2 = e^e~ } < e~ e~ f on M\ s . we have 


I e~l° p ‘ dp{F* s ~g) < I e~^ dp(F s *g) < e^C' =: Cl 

'Mi, JM 


Co 


As on Mi'S, we have 
(26) 


lM,, 


e-i° P ‘ dg(F*g) < e c °C' =: C 2 . 


Hence, by the inequality (E5l) . we see that for each s € [—logT, 00 ) we must have 
either 


d_ 

ds . 


e _ 2 OJ ' a d/j(F*g) < 0 or 


e ~2°F d il{ F;~g) < Cl 


'M 


/M 3 
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Since M = M. 3 jS U M^ s and we have the bound (l26l) . we see that for each s £ 
[— logT, oo) we must have either 

4- [ e_4o#s MK~9) < 0 or f dg(Ffg) < C, + C 2 . 

as J M J M 

This condition implies that 


dg(Ffg) < max{Ci + C 2 , C 3 } =: C, 


IM 


where C 3 is the value of the left hand side at the initial time s = — log T. 


□ 


Remark 4.8. In Section [TJ we consider the condition (A2): 

limsup(VT — f sup \A(F t )\ gt ) < 00, 

t—>T M 

for a Ricci-mean curvature flow F : M x [0, T) —> N along the Ricci flow g t . Note 
that if M is compact then this condition is equivalent to that there exists a constant 
Co > 0 such that 

max\A(F t )\ gt < —^=== on [0,T). 

Proposition 4.9. Let (N,g,f) be a gradient shrinking Ricci soliton with bounded 
geometry. For a fixed time T > 0, let <!>* and gt be defined as above, and let F : 
M x [0, T) —»• N be a Ricci-mean curvature flow along the Ricci flow ( N , gt). Assume 
that M is compact and F satisfies the condition (A2). Let F be the normalized mean 
curvature flow defined by (E). Then, for all k = 0,1,2,..., there exist constants 
Ck > 0 such that 

|V fc A(F s )| § < C k on M x [-logT.oo), 

where V is the connection defined by the Levi-Civita connection on (N, g) and the 
one on (M, F* g). 

Proof. First of all, by the definitions of gt = (T — t)^g and F s = <f> t o F t , one can 
easily see that 

(27) \7 k A(F s ) = $ t *V fc A(F t ), \V k A(F s )\~ g = (T-t)^ k \V k A(F t )\g t , 

(28) |V fe Rm(s)|g = (T — t) 1 + ^|V fc Rm( 5t )| 9 , 

for all k = 0,1, 2,..., where V is the connection defined by the Levi-Civita con¬ 
nection on ( N,g ) and the one on (M,F*g), and V is the connection defined by 
the Levi-Civita connection on ( N,g t ) and the one on ( M,Ffg t ). In this sense, as 
Huisken done in m, we can consider the degree of X7 k A(F t ) is \ + \k and the 
degree of V fc Rm((; t ) is 1 + \k. We will write A{F t ) and A(F S ) by A and A respec¬ 
tively, and also write Rm(j f ) and Rm(j) by Rm and Rm respectively, for short. To 
use the argument of degree more rigorously, we define a set V a ^ and a vector space 
V a t, as follows. First, we recall the notion of *-product here. For tensors T) and 
T 2 , we write T\ * T 2 to mean a tensor formed by a sum of terms each one of them 
obtained by contracting some indices of the pair T) and T 2 by using g , F*g and 
these inverses, and there is a property that 

(29) |Ti*T 2 | <C|Ti||T 2 |, 
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where C > 0 is a constant which depends only on the algebraic structure of T\ * X 2 . 
Then, for a, b £ N, we define a set 14,6 as the set of all (time-dependent) tensors T 
on M which can be expressed as 

T = (V fcl Rm * • • • * V fcl Rm) * (V f M * • • • * V £j A) * (* DF) 


with /, J,p, ki,..., kj,£\,... eN satisfying 
1 / x J 


( 1 + \ k i ) + H ) = a and 5Z l l - b ’ 


1 1 


J 


x - , .2 2 , 

2 = 1 V ' J = 1 J = 1 

and we define a vector space V a ,b as the set of all tensors T on M which can be 
expressed as 

T = aiTi + •••-)- a r T r 

for some r £ N, a\... a r £ R and T\,...,T r £ V a ,b- 

For the case k = 0, as noted in Remark l4.8l there exists a constant Co > 0 such 
that 

Co 


\A\< 


on M x [0, T), 


y/T~—t 

since F satisfies the condition (A2). Hence we have 

\A\ = Vr=t\A\ < c 0 . 


For the case k > 0, we work by induction on k £ N. The case k = 0 has 
already proved above. For a fixed k > 1, assume that there exist positive constants 
Co, Ci,..., Ck~i such that 

|VM| < Ci on M x [- logT, 00 ) 

for * = 0,1,..., k — 1. We consider the evolution equation of |V fc A| 2 , anc i finally 
we will prove the bound of |V fc A | 2 by the parabolic maximum principle. Since 
|V fc i | 2 = (T - t) k+1 \X7 k A\ 2 and -§- g = (T - t)§- v we have that 

4-|V fc i| 2 = -(k + l)|V fc i| 2 + (T - t) k+2 ^-\V k A\' 2 
os at 

< (T -t) k+2 ^\V k A\ 2 . 

By Proposition 1A. 191 there exist tensors £[k] € V| + i fc fe , C[k] £ V 3 + i fc fc+1 and 
Q[k\ £ Vi + i k k _ 1 such that 

^ |V fc A | 2 = A|V fe A | 2 - 2|V fc+1 A | 2 + £[k] * V fc A + C[k] * Q[k\, 

where A is the Laplacian on (M, F^g t ). Let A be the Laplacian on (M, F*g ), then 
we have (T — t) A = A. Hence we have 

(T - f) fe+ 2 (A|V fc A | 2 - 2|V fc+ 1 A| 2 ) = A|V fc A | 2 - 2|V fc+ 1 A| 2 . 

Since Q[k] £ Vi + i kk _ 1 , there exist r £ N, ai... a r £ R and 
Q[k \\,..., Q[k\ r £ Vi + i k k _ 1 

such that 

Q[k] = aiQ[k]i H-+ a r Q[k] r . 

Hence we have 

\G[k}\ < |ai||<?[fc]i| -I-h |a r ||^[fc]r|- 
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By the definition of Vi + i k k _ 1 , each Q[k], can be expressed as 

(V fel Rm * • • • * V^Rm) * (V £l A * • • • * V £j A) * (* DF) 

with some I, J,p,k\,... ,ki,£\,... ,£j £ N satisfying 

(1 + 2 ^*) + (2 + = 2 + 2 ^ and ^^ < fc - 1 ■ 

V ' j=i V ' i=i 

Hence, by using (|2?1) . (051) . and (0H1) . we have 

(T-t)* + i k \g[k\.\ 

<C(T - f)3+2 fc |v fcl Rm| ■ • • |V fcl Rm||V*M| • • ■ \X7 ej A\\DF\ p 
=C(^) P |V fcl £n| • • • |V fe/ Rm||V^ 1 H| • • • \V £j A\ 



for some constant C > 0. Here note that \DF\ = \Jm.. Since ( N,g ) has bounded 
geometry, each |V fci Rm| is bounded. Furthermore, since £j < k — 1, each 
is bounded by the assumption of induction. Hence there exists a constant C' > 0 
such that 

(T - t)^ k \G[k]\ < C'. 

Since S[k] G Va + i fc fe , there exist r' £ N, b\... b r ' £ R and 

£[k]i,... ,£[k]r> £ Vs + i k k 

such that 

£[k] = b\£[k]i H-+ b r '£[k] r i. 

Hence we have 

\m\ < \b 1 \\£[k} 1 \+--- + \b r/ \\mA 

By the definition of V| + i fe k , each £[k\, can be expressed as 

(V fcl Rm * • • • * V fc/ Rm) * (V^M * • • • * V f M) * (* DF) 


with some I, J,p,ki,... ,ki,£i,... ,£j G N satisfying 

J2( 1+ \ k *) + = l + \ k and 

2=1 ' ' j =1 ' ' j — 1 

If max {^1 ,..., £j} < k — 1, we can prove that (T — t)l+ 3 fe |£[fc].| is bounded by the 
same argument as the case of G[k\»- If max{b,..., tj\ = k, one can easily see that 
the possible forms of £[k\, are 

A* A* \7 k A * (* DF) and Rm *\7 k A*(*DF). 


In both cases, we can see by the same argument as the case of G[k], that there 
exists a constant C > 0 such that (T — t)^ + ^ k \£[k],\ < C\S7 k A\. Hence we can see 
that there exists a constant C" > 0 such that 

(T - t)i + ^ k \£[k]\ < C"(l + |V fc i|). 

Since C[k] G V3 + i fe fe+1 , there exist r" G N, Ci... c r " G R and 
C[k\i,... ,C[k] r " G V i+ i k>k+1 

such that 

C[k] = ClC[fc]l + ■ ■ ■ + Cr"C[k] r ". 
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Hence we have 

\C[k}\ < |ci||C[fe]i| H-1- |c r //||C[fc] r //|. 

By the definition of V3 + i kk+1 , each C[k], can be expressed as 

(V fcl Rm * • • • * V^Rm) * (V £l H * • • • * A) * (* DF) 
with some I, J,p,k\,... ,ki,£\,... ,£j £ N satisfying 

Xlf 1 + 2^0 + ^-'(2 + 2^) = 2 + 2^ and < k + 1. 

i=l ' j =1 ' j =1 

If max{ti,..., tj} < k — 1, we can prove that (T — t)% + i k \C[k},\ is bounded by the 
same argument as the case of G[k\,. If maxffi,..., £j} = k, one can easily see that 
the possible forms of C[k], are 

A* A* \7 k A * (* DF) and Rm *\7 k A* (*DF), 

and we have (T —t)% + ? k \C[k],\ < ClV^HI as the case of S[k\ m . If max{fi,..., £j} = 
k + 1, one can easily see that the possible form of C [k ]. is 

V k+1 A* (* DF), 

and we have (T — i)i + 5 fc |C[fc].| < C"|V fc+1 H| for some constant C' > 0. Hence we 
can see that there exists a constant C'" > 0 such that 

(T -t)^+^ k \C[k}\ < C'"(l + \V k A\ + |V fe+1 I|). 

Hence we have 

^-|V fc i| 2 <{T ~ t) k+2 ^\S7 k A\ 2 
ds' 1 ’ dV 1 

<A|V fc A| 2 - 2|V fc+1 i| 2 + C"{ 1 + |V fe i|)|V fe i| 

+ C'C"{ 1 + |V fc I| + |V fc+1 i|). 

Since -|V fe+1 i| 2 + C"C""|V fc+1 i| < C'C ") 2 , we have 

4-|v fc i| 2 <A|v fc A| 2 - |v fc+1 A| 2 

OS 

+ C"|V fc A| 2 + (C" + C'C'")\V k A\ + c'c'" + [ A ■ 

By putting C k := C" + (C" + C'C'") + C'C'" + C'C") 2 > we have 

(30) ^-|v fe A| 2 < A|v fc A| 2 - |v fe+1 A| 2 + c k ( 1 + |v fc A| 2 ). 

OS 

Hence immediately we have 

( 31 ) ^-|v fe i| 2 < A|v fe A| 2 + C k ( 1 + |v fc A| 2 ). 

OS 

Note that the inequality (|30|) also holds for k — 1, that is, we have 

a 

(32) Al|v fc - 1 i| 2 < A|V fe_1 i| 2 - |V fc i| 2 + C k - 1(1 + iv^il 2 ), 
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for some constant Ck-i > 0. Hence by combining the inequality (ETH) and (l32l) . we 
have 

^-(|V fc i| 2 + 2(7 fc |V fc - 1 i| 2 ) <A(|V fc i| 2 + 2Cfc|V fe “ 1 i| 2 ) 

OS 

( 33 ) + c k -C k \V k A\ 2 

+ 2C fc Cfc-i(l + |V fc ” 1 i| 2 ). 

Since we have 

C k - C k \V k A\ 2 + 2C k C k -\{l + iv^Ai 2 ) 

= -C fc (|V fc i| 2 +2C fc |V fc - 1 i| 2 ) 

+ C k ( 1 + 2C fc -i + 2 (C k + Cfc-r) |V fc - 1 A| 2 ) 

and |V A ' _1 A| 2 is bounded by the assumption of induction, one can easily see that 
there exists a constant C k > 0 such that 

^(|V fc i| 2 + 2(7 fc |V fe - 1 A| 2 - C k ) < A(|V fc i| 2 + 2C fe |V fc - 1 i| 2 - C k ) 

- C fc (|V fe A| 2 + 2C k \S7 k ~ 1 A\ 2 - C k ). 


Thus, by putting /x := e^'dV^I 2 + 2C fc | V *’ 1 A| 2 - C k ), we have 

d x 

Since M is compact, /x is bounded at initial time s = — log T. Then, by the parabolic 
maximum principle, it follows that /x is also bounded on M x [— logT, oo), that is, 
there exists a constant C k > 0 such that /x < C k on M x [—logT, oo). Hence we 
have 

|V fc A| 2 < e-°* B C k - 2C fe |V fc - 1 i| 2 + 6 k < T Ck C k + C k . 

Thus, by putting C k := T^ k C k + C k , we have 

|v fc A| < c k . 

Hence the induction argument can be proceeded, and we completed the proof. □ 


Combining Lemma [477] and Proposition l4.91 we can deduce the following uniform 
bound of the second derivative of the weighted volume. 


Lemma 4.10. Let (N,g,f) be a gradient shrinking Ricci soliton with bounded 
geometry. For a fixed time T > 0, let and gt be defined as above, and let F : 
M x [0, T) —> N be a Ricci-mean curvature flow along the Ricci flow ( N,g t ). Assume 
that M is compact and F satisfies the condition (A2). Let F be the normalized mean 
curvature flow defined by W- Then there exists a constant C > 0 such that 


ds 2 


f dii{F* s ~g) 

— 

— j 

rla / 

H(F S ) + V/ x *. 

2 e-f°^dp{F:~g) 

)M 


ds J M 


9 


< C' 


uniformly on [— log T, oo). 
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Proof. As the proof of Proposition 14.6) we have 

2 


IM 


H(F S ) + V/ x * 


o~f°Fs 


d^{F*g) 


=(4t r)T(T ~t) u t H(F t ) + V/^'* WsO, 

Jm 5* 

where u := (47r(T — . Since ^ = (T — t) we have 


d 

ds 


'M 


id(F s ) + V/ x '. 


c£s 

2 


— f°F s 


e ■’- s dp(F*g) 


(34) 


= - (4tt)^ (T -t) u t H(F t ) + V/ t Ft Ffa dp(F t *g t ) 

JM 9t 

+ (4n)^(T-t) 2 f [ u t H(F t ) + X7.f t ±F < 2 F t *p t dp(F t *g t ) 

Ut J M 9t 


l M 


H(F S ) + V/ x *. 




d^(F*g) 


+ (4n)^(T-t) 2 f f ut H(F t ) + Vfp* ' F t *p t dp(F t *g t ). 

Ut J M gt 


First, we consider the term 


! M 


H(F S ) + V/ x *» 


e- foF ‘dp(F:~g). 


Since |id(-F s )| < y / m|kl(P , s )| and we know that |-A(.F S )| < Co by Proposition [479} we 
can see that 

H(F S ) + Vf ±p ’> J" <\H(F S )\ 2 + 2\H{F a )\\Vf\ + |V/T 
<C”( 1 + |V/| 2 ) 

<C"(l + /oF s ) 

for some constant C" > 0, where we used 0 < |V/| 2 < /. Hence we have 


(35) 


-/ 

H(F S ) + V/ x *. 

2 e-f^dp{P;~g) 

JM 


9 


<C" (1 + /° F s )e~d oFs dp,(F*g). 

JM 


Next we consider the term 


(4 n)^(T-t) 2 f [ u t H(F t ) + V/ Xi?t ' F t *p t dp(F t *g t ). 
at Jm st 


By Proposition 13.21 we have 

d 
df 

( 36 ) 


[«, 

1 M 

H(F t ) + V/ t ±F ‘ 

[ u, 
'M 

+ 

<1 

*1 


'M 






























26 


HIKARU YAMAMOTO 


where we put 


u t :=u,t 


H{Ft) + V/ ( 




at 


d 


Lut :=-u t - &F t *g t Ut + u t tr- L (Ric(^) + Hess/)) 


d 


u t[ g t A F,* gt 


H{F t ) + S7f t 
First, as the above argument, we can see that 




9t 


(37) 


-(4 n)~(T-t) 2 u t H(F t ) + X7f J t 

JM 

<C"' [ (l + poF a )e-f° p -dn(F;g) 

JM 


F*Pt dp(F t *g t ) 


for some constant C'" > 0. Next we consider 


d A 

dt F:at 


H{F t ) + V/ t 


9t 


In fact, by the long computation (cf. Lemma EH) , it follows that there exists a 
constant C"" > 0 such that 


(38) (T - tf 
By combining 


— Ap 


F iat 


H(F t ) + V/ t ±F ‘ 


<C""{l + foF s ). 


it follows that there exists a constant C > 0 such that 


d_ 

ds 


’ M 


H{F S ) + 


o~f°Fs 


dp(F*g) 


<c / (i + foF s y 

JM 


~foF s 


dp{F*g). 


Note that (1 + / 2 )e * = (1 + / 2 )e a e a and (1 + / 2 )e a is a bounded function 
on iV, that is, (1 + f 2 )e~i < C' for some constant C'. Thus we have 


/ . 


d_ 

ds 


M 


H(F S ) + 




dp{F*g) 


-f°F s 


dp(F*g) 


<C / (1 + / 2 o F s )> 

JM 

<CC' [ e~i°Fdg(F*g) < CC'C =: C', 

J M 


where C is the constant appeared in (l24l) of Lemma 07 
Finally, here we give the proof of Theorem 1 1.121 


□ 


Proof of Theorem \ 1.1 21 We denote the Kahler form and the complex structure on 
(TV, g,f) by ui and J respectively. Since F : L —> N is a self-similar solution, F 
satisfies 

H(F) = A V/ x 
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for some constant AgM. Then, by the definition of the mean curvature form u>h, 
for a tangent vector X on L, we have 

u H (X) = u(H(F),F*X) = A u(yf ± ,F.X) = \u{Xf,F*X), 

where we used the Lagrangian condition in the last equality. Since the mean cur¬ 
vature form is exact, there exists a smooth function 6 on L such that u>h = dO. Let 
{ei}" =1 be an orthonormal local frame on L with respect to the metric F*g. Since 
ui and J are parallel, we have 

A 9 =V ei u> H {ei) - Wij(V ei ej) 

=AV ei w(V/, F*d) - w/j-(V ei ei) 

= - AHess/(F*ei, JF^ei) + Aw(V/, - Aw(V/,F*(V ei e,)) 

= - AHess f(F*ei, JF^i) + Aw(V/, H(F)). 

Since the ambient is a gradient shrinking Kahler Ricci soliton, we have 

Hess/(.F*ei, JFtd ) = -Ric(F*ei, JF*a) + -g{F*ei, JF^a) = 0. 
Furthermore, we have 

u(Vf,H(F))=uj(Xf T ,H(F))=uj(F*V(F*f),H(F)) = -(F*g)(V(F*f),V6). 
Hence 6 satisfies the following linear elliptic equation: 

A6 + X(F*g){X(F*f),V6) = 0. 

Since L is compact, by the maximum principle, we obtain that 9 is a constant, and 
this implies that H(F) =0. □ 


Appendix A. Evolution equations 


In this appendix, we give a general treatment of evolution equations for tensors 
with Ricci-mean curvature flows along Ricci flows. Note that, in this appendix, we 
do not assume that g t is the Ricci flow constructed by a gradient shrinking Ricci 
soliton. 

Let M and N be manifolds with dimension to and n respectively, and assume 
that to < n. Let g = (g t ', t £ [0,Ti)) be a solution of Ricci flow dial) and F : 
M x [0, X 2 ) —> N be a solution of Ricci-mean curvature flow (llbl) with T 2 < T\. 
Here we introduce the notion of the covariant time derivative Vt as in (23] . Assume 
that, for each t £ [0,T 2 ), T(t) is a smooth section of 

Et := (®F t *(TN)) <8) (| F*(T*N)) 8) (® TM) <g) (| T*M) 


over M, and its correspondence t 1 —> T(t) is smooth. Then for each t £ [0,T 2 ) we 
define (VjT)(t) as follows, and it is also a smooth section of E t . Denote T by local 
coordinates (y“)" =1 on N and on M as 


rpCX\...aA *1 ■■■1C 

/3l-../3 B jl - JD • 


This is the coefficient of 


d 

dy ai 


d 

dy aA 


8 dy h 


0•••8 dy 0B 


d 
dx ix 


d 

dx ic 


0 dx 31 0 • • • 0 dx 3D 
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of T. Then the coefficients of (VtT)(f) is defined by 


(V t T) 


d 

OL\...OLA H...IC _ 2_rpOti...OLA 

Pi---Pb 31---3D Ql Pl---pB jl—jD 

A 

cx-a 


I \ ^ TJlrpOL\...8...C 

' L l5 11 
p =1 

B 

-E r 7,: H -<T 




<5 XJ"lr r a\...OtA 

jl—jD’’ 


P=1 


where T^i is the Christoffel symbol of the Levi-Civita connection of gt on N for 
each time t. Then one can easily check that this definition does not depend on the 
choice of local coordinates and defines a global smooth section of E t over M. 

Remark A.l. One can easily check that Vj satisfies Leibniz rule for tensor con¬ 
tractions. For example, for tensors 5“-, T^, U a p, V lk , W^, we have 

\Jt{Sf 0 T^U aP V ik W^) = V t S%r£ t U afi V ik W il + S«V t TP e U af} V ik W^ 

+ S%T&V t U a ftV ik W je 

+ S%Tg t U a pV t V ik W je + S^T^U a pV ik VtW il . 

Note that in this paper we define 

Rm (X,Y)Z := (VjfVy — VyVx — ^[x,y])Z 


Rap^s ■ g A„iK m , s I g 


. — HiCq^ 


dy 

■■= g ps R 


d d 


dy 7 ’ dy s J dy 13 


d 


OLp-yS 5 


and we define 


BF C 

F?=F?(t):= 4 


dx l 


that is a coefficient of the tensor DF t (= F t *) € T(M,Ff(TN) <g) T*M). By the 
straightforward computation with the definition of V;, we get the following formu¬ 
las, Lemma [A.21 IA.31 and lA.41 


Lemma A.2. ITe have 

=R 


v,v ? x“ - Vj VtT: 


■ySp 


h s f?t7 


d 


T a a F?T2 


3 - M -i 1 ...i k ■ Ql 3 ji v ± > 

P =1 


E 


d 


where r* k is the Christoffel symbol of the Levi-Civita connection of Ff g t on M for 
each time t. 


Lemma A.3. By the restriction, we consider gt, more precisely g t oF t , as a section 
of F*(T*N) <E> Ff(T*N) over M. Then we have 

^ tgap — 2 Rot[3 • 

Lemma A.4. We have 

V t F? = ViH a . 

Combining above lemmas, we have the following. 
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Lemma A.5. Put gij = ( Ffgt)ij = gapF^F^. Then we have 
d 

—jjfl/j — V t9ij — 2{{F Hie),, + g(H, Ay)). 

Proof. By the definition of Vt, the first equality -§^gij = V tgij is clear. By the 
remark that V t satisfies Leibniz rule for tensor contractions and by Lemma IA .ill 
and I A. 41 we have 

= V t (g a pF«F?) 

= S7 t g a pF?FP + g a f7 t F?Ff + g a pF?V t Ff 

= -2R a pF?FP + g a pViH a Fj + g a pF z a V fH?. 

Since H is a normal vector field, we have g a pH a F,f = 0. By differentiating both 
sides by V 3 . we have 

0 = g aP V J H a Ff+g a pH a A^. 

Here we used = VjFf. Since Aj 3 is symmetric, we have 

g a pViH a F? +g a pF l a V J H^ = -2 g a pH a A^. 

Here we completed the proof. □ 

By using -§[g a p = —^Rap and the Koszul formula, one can deduce the following 
formula immediately. 

Lemma A.6. We have 

g^ T lp = ~9 lS {^aR5p + V pR a & ~ V sRap)- 

As an analog of Lemma IA.61 we can prove the following. 


Lemma A. 7. We have 

= -g^iTtj + VjTu - v, 

where we put Tij := ( F*Ric)ij F d(H, -A-ij)- 

Here we introduce the notion of ^-product following Hamilton [5j. 


Notation A. 8. For tensors S and T, we write S*T to mean a tensor formed by a 
sum of terms each one of them obtained by contracting some indices of the pair S 
and T by using g and F*g and these inverse. There is a property of ^-product that 

|S*T|<qS||T|, 


where C > 0 is a constant which depends only on the algebraic structure of S * T. 


Definition A. 9. For a, b € N, we define a set V a ^ as the set of all (time-dependent) 
tensors T on M which can be expressed as 

T = (V fcl Rm * ■ • • * V fcl Rm) * (V fl A * • • • * V {j A) * (* DF) 


with € N satisfying 

i / i \ j 


i=i 




3 =1 


- + 

2 2 3 


J 

and 

3 =1 


= a 
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and we define a vector space V a ,b as the set of all tensors T on M which can be 
expressed as 

T = a\T\ + • • • + a r T r 


for some r € N, ai... a r £ R and T),..., T r £ V a ,b- 
Since X7DF = A, the following is clear. 

Proposition A.10. Assume that Ti £ V ai ,bi> T 2 £ V a2jb2 an d T 3 £ V Q3ib3 . Then 
we have 

Ti * T 2 £ V ai +a 2 ,b 1 +b 2 and VP 3 £ V Q3+ i )i)3+1 , 
whenever T\ * T 2 makes sense. 

Combining Lemma rA.‘21 IA.fi! IA.71 and Proposition lA.IOl the following is clear. 
Lemma A.11. For a time dependent tensor T = (T“ ik ) £ V a ,b, we have 


v t v,Y;;^-v,v//;U c v Q+fii)+1 . 

Lemma A.12. For a tensor T = {T-f lk ) £ V a ,b, we have 

V,A7;“.. 4 -AV^“., )b £V a+ 3 i6+1 . 

Proof. First of all, we have 

v,ay;;.... • v,v,v-'t;;... u 

=VpV j (VP3l“ ..J + R a MS F]F*VPT^ Ak 
+ - X R e isjp ^T^ ik , 

.5=1 


where is the Riemannian curvature tensor of F t *g t on M. Then, by the Gauss 
equation: 


(39) Rkuj = ReMtFZFfFjF* - A^Apu + A^Apy £ Vi, 0) 

we can see that 


^..a/;:.,„ - v P v,v^“ ., fc £ v a+iib+1 . 

As above computations, we have 

- v"v, £ v„ +1 , 6 . 

Hence, by differentiating by V p , we have 

V P V,VPT“.. lfc -V p V p Vjir^ ik £ V a+fi6+1 . 

Note that V p V p VjT“... ifc = AVjT“ ifc . Here we completed the proof. □ 


Lemma A. 13. For a time dependent tensor T = (T“ ifc ) £ V a , b there exists a 
tensor V = V(T) £ V Q +i jb such that 

V t |T| 2 = 2(V t T,T) +V*T. 
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Proof. We have 

V t |T| 2 =V t (g a0 g^ . ..g ikjk T^... ik Tl.. jk ) 

=2(V t T,T) + V t <? * T * T + VtK-F's)" 1 ) *T *T 
=2(V t T,T) + (V tfl * T + V t ((J’* 5 )- 1 ) *T)*T. 
By Lemma IA.3I and IA.51 we have 

V t 5,V t (CF* fl r 1 )eVi,o. 

Thus the statement is clear. 


□ 


Lemma A.14. For k > 1, by definitions, it is clear that 

Actually, it is true that 


F p Vjj ... Vi k A a £ Vi + i fcjfc . 


FpVi! ... V ik A a £ Vi + i k k _ 1 . 


For k = 0, it is clear that 

FpA a = 0 

since A is a normal bundle valued 2-tensor. 


Proof. By differentiating the equation FpA a = 0, we have 

F«V n A a = -Af ip A a £ V 1)0 . 

Hence the statement is true for k = 1. Assume that for k— 1 the statement is true. 
Then, for k, the statement is also true since we have 

F p “V i;i ...X7 lk A a = Vjj (FpVi 2 ... V ik A a ) - A“ p V i2 ... V ifc A a . 

We completed the proof. □ 


Lemma A. 15. There exist tensors B = (£>“•) £ V| 0 and C = (CL) g Vs^ such 
that 

V t A%=AA? j +B? j +C p j F«. 

Proof. By identies Ag- = V;F“ and Vt_F“ = V jF[ a and Lemma fA~2l we have 


=V t V l F“ 


= V;VfF“ 


/l" 


7^/3 


5 S’/ 3 pT' . 


H FfF, 


d 


T'LFfF? - 


d 


j dt hi * j dt a 


rl-Ff 


=X7iX/iH° 


1 UA^nU^F- 

Furthermore, by using Simons’ identity: 


^ T7Q TT 1 /? 7717 ^ 

dt ^ ^ ■ 


V,V f H“ =AA^ + (V e F“^ + X7,R a S0t )FfF?FZF Si 

+ R a 0^ A ik F ^F Si + 2A^F k F Si + H S F?FZ + Aj k F?F 6i ) 
- (V k R\ + V e R p k - S7 p R M )F« 

_l 9 /? i i A a — R p A a — R p A a 
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we have 

v* =a^“ 

+ (V e if> 7 , + V 7 iZV) 

+ R a ^ s (2A^F Sk + 2Al j F?F Sk + H 5 F?F^ + A'J i F^F Sk ) 

- (V^p. + Vji? P j - \7 p Rij)Fp 

+ 2R i k /A a ke -R p i A« j -R p j A« 

+ r %, h « f ? f ] + |r ?7 if f; - |rf.F;. 

By putting 

:=(V £ J?“ W + V 7 i?“ 5 / 3 e )F|Ff 

+ R a M5 {2A 0 ki F] F Sk + 2 A p kj F?F Sk + H S F?F? + A] iF ^F Sk ) 

+ 2R i k j i A k e - R P iApj - R P jAp i 

+ R%eH*FfF? + ^FfF? 

cfj ■= - (V,i? p - + Vji? p - V p %) - |r p , 

We have 

v t A“ =aa“+s.“+c p .f;. 

Furthermore, by using Lemma lA.61 1 A. 71 and Gauss equation (15FJ1) . one can easily 
see that 

B = (BS)€V i0 and C = (C£) e V f>1 . 

Here we completed the proof. □ 

Proposition A.16. There exists a tensor £ £ V| 0 such that 

^-\A\ 2 = AIAI 2 - 2IVAI 2 + £* A. 
ot 

Proof. By Lemma [A. 131 there exists a tensor D = T>(A) G Vj j0 such that 

-||7L| 2 = V t |A| 2 = 2(V t A, A) + V * A. 

By Lemma FA. 151 we have 

2(V t A, A) =2(A A“+H“+C p F p “)A^ 

=A|A| 2 -2|VA| 2 + F* A 

Here we used F“A'b = 0. Hence, by putting £ := 21 + £>, we have 

L|A| 2 = A|A| 2 -2|VA| 2 +£ *A, 
ot 

and, we have that 

£ e Vs 0 . 

2 V 


Here we completed the proof. 


□ 
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Proposition A. 17. We have 

| :\A\ 2 < A|A | 2 - 2|Vj4| 2 + Cr|A | 4 + C 2 |Rm||A | 2 + C 3 |VRm||A|, 

for positive constants C\, C 2 , C 3 which depend only on the dimension of M and 
N, where Rm is the Riemannian curvature tensor of ( N,g t ). 

Proof. By Proposition I A. 16l we know that 

-||A | 2 = A|A| 2 -2|VA | 2 + £ * A. 

Since £ G Vs 0 , the tensor £ can be constructed by 

A* A* A* ( PDF ), Rm * A * (* j DF), VRm * ( * k DF ). 

Note that we can not decide i, j, k from the information that £ G V 3 0 . However 
this is not a matter when we consider the norm of tensors since the norm of DF is 
a constant y/m. Hence we see that there exist positive constants Ci, C 2 , C 3 which 
depend only on the dimensions of M and N such that 

\£* A\ < Ci|A | 4 + C 2 |Rm||A | 2 + C' 3 |VRm||A|. 

Here we completed the proof. □ 


Proposition A.18. For all k > 0 there exist tensors B[k] G V 3 + i fcfc and C[k] G 
Vs + i k k+1 such that 

V t V 4 ... V 4 A“ = AV fl ... V 4 A“ + B[k] + C[k]*F?- 

Proof. We work by induction on k G N. For the case k = 0, the statement is true 
by Lemma [A. 151 Assume that for k — 1 the statement is true. Since 

V 4 ... V 4 A“ g V| + i (fc _ 1)ifc _ 1 , 

by defining V as 

V t V 4 V /2 ... V 4 A“ = V 4 V f V, a ... V 4 Af. + V, 
we have, by Lemma [A. Ill that 

D G V 3 I 111. 

2 ' 2 

By the assumption of the induction for k — 1, we have 
V 4 V t V 4 ... Ve k A?j 

=V<i(AVf 2 ... V 4 A“. + B[k-1]+C[k- 1 ) P F“) 

=V 4 AV/j ... V 4 A“ + V£?[fc — 1] + VC [fc — 1] P F“ + C [fc — 1] * A. 
Furthermore by Lemma lA. 121 by defining V as 

v 4 AV /2 ... V 4 Afj = AV 4 V 4 ... V 4 A“ + V, 

we have that 


2?' G V : 


5 + AA * 


Hence, by putting 


B[k\ :=VB[k - 1] + C[k - 1] * A + V + V. 
C[k} :=VC[fc- 1], 
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we have 

V t V* ... V 4 Afj = AV fl ... A“ + B[k] + C[k]>F?. 

and 


B[k\ G V f+ i fcifc and C[fc] G V| + i fe fe+1 . 

Here we completed the proof. □ 

Proposition A.19. Tor aZZ k > 0 t/iere exist tensors £[k] G V| + i fcfe , C[fe] G 
V3 + i fe fc+1 and Q[k\ G Vi + i kk _ 1 such that 

^ |V fc A | 2 = A|V fc A | 2 - 2|V fe+1 A | 2 + £[k] * V fc A + C[k\ * Q[k}. 

Proof. Put T»“ f .. ; := V fl ... V 4 Since T G Vi ,by Lemma I A. 1.31 there 
exists a tensor 2?[fc] = 2?(T) G V| + i fc k such that 


^|T | 2 = V f |T | 2 = 2(V t T,T) +2>[fc] * T. 

By Proposition lA.181 there exist tensors B[k] G Vs + i fc k and C[k] G V3 + i k k+1 such 
that 

V t T = AT + B[k\ + C[k] p Fp. 

Hence we have 


2(V t T, T) =2(AT, T) + B[fc] * T + C[£;f T“T tt 

=A|T| 2 - 2|VT| 2 + H[fc] * T + C[fcf T“T a . 

By Lemma TA. Ill we have 

S[k] :=F;r a GV. + ^_, 

Hence, by putting £ [fc] := T>[k\ + B[k] G V| + i fe fc , we have 

^|T| 2 = A|T| 2 - 2| VT| 2 + £[k] * T + C[k } * Q[k\. 

Here we completed the proof. □ 


Appendix B. An estimate in the proof of Lemma [4.101 


In this appendix, we give a proof for the following estimate which is used in the 
proof of Lemma 14.101 It is just a straightforward long computation. 


Lemma B.l. In the situation of Lemma \4-10\ there exists a constant C"" > 0 
such that 


(40) 


(■ T-t ) 2 





H{F t ) + V/ t ±F * 


< C""(l + / o F s ). 


Proof. First of all, we define W Ci d and W Ct d as analogs of V a ^ and V a ,b- For c, d G N, 
we define a set W c ,d as the set of all (time-dependent) tensors T on M which can 
be expressed as 

T = 1 (* V/) * (V fcl Rm * • • • * Rm) * (V ^ 1 A * • • • * V°A) * (* DF) 
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with q, r, /, J,p, /ci,..., /cj, ^i,..., G N satisfying 

9 + ? r+ ( x + \ k >) + Y1 Q + = c and r ^ 


and we define a vector space W c ,d as the set of all tensors T on M which can be 
expressed as 

T = a\T\ + • • • + a v T v 


for some v £ N, ai... a v G M and Ti,...,T v G W c ,d- By the definition, it is clear 
that V a ,b C W a , o, and if Ti G W c ^ and T 2 G W C2 ,d 2 then Ti * T 2 G W Cl+C2 , dl +d 2 - 
Note that we consider V“/ as a tensor field over M by pulling it back by F t . 
However we sometimes omit the symbol oF t . Then we have 

(41) V,;V“/ = FfVpV a f = -Ri C/9 “ F? + F? G W ll0) 

where we used Ric a/ 3 + V Q V/ 3 / = 2 (T-t) 9 a 0- Hence we can see that if T G W Cyd 
then VTG W c+ i id . 

To prove this lemma, we use the identity 


H(F t ) + V/, 


d-F, 


= \H(F t )\l + 2 g t (H(F t ), V/ t ) + |V/ t 




St 


r,«• 


By Lemma IA.5I and IA.151 we have 


X7 t H a =V t ( ff «i4g) 

=2(Ric l g 7 F /3i F 7J + + B?. + C&F“) 

=A//" + B“ + g ij CfjFp, 

where we put B a := 2 (Ric / 3 7 F' 3 i F 7 ?' + + g'-'B” G V| 0 . Since H G Vi i0 , 

by Lemma [A. 131 there exists a tensor F = T>{H) G V 3 0 such that 

=2(V t H,H) + D a H a 
=2{AH, H) + 2 B a H a + V a H a 
=A\H\ 2 - 2|VF | 2 + 2 B a H a + V a H a , 


where we used F“F a = 0. Thus we have 

(J- t - Ap.g^j \H\ 2 = -2|VH| 2 + 2 B a H a + V a H a , 
and it is clear that 

(42) Q^-A F . g )|F| 2 G W 2 , 0 . 

Next, we consider VfV“/. Then, by the definition of V F we have 

VtV “ /= ^ V “ / + F/3V ^ Va/ 

a -1 

=-p-V a f - Ric t LlL /3 +- -H a , 

dt J p 2 (T-t) 
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where we used Ric a /3 + V Q V/3/ = 2 (T-t) 9 a P • Furthermore, by using ^g a/3 = 
2R.ic“ /3 and = |V/| 2 , one can easily see that 


—V Q f = —V“f. 
at ^ T -t 


Thus we have 


V t V“/ = 


1 


T-t 


V°7 - Ric a pH^ + £%■ 


Hence we can see that 

^t{g a pH a V p f) = Vtg^H^f + g a pV t H a V?f + g a pH a V t V 0 f G W 2 ,i 

and 

A (g aP H a S7 p f) G W 2 ,! 

Thus we have 

a 


(43) 


at 


- A f . 9 WF(F),V/) G W 2 ,1. 


Next, one can easily see that 

V f |V/| 2 = V t g a pV a fV p f + 2V t V“/V Q / G W 2 , 2 

and 

A|V/| 2 G W 2 , 2 . 

Hence we have 

a 

Finally, one can easily see that 

Vt|V/ t Tj -«& = ^t((F*g) u g a pg jS F^F e s V a f^f) G W 2 , 2 

and 


(44) 


- A F .g |V/| 2 G W 2 , 2 . 


A|V/j 


T e t |2 

l9t 


Hence we have 
(45) 


a 


at 3 

Hence, by (1421) (|45|l . we have 


G W 2j2 . 


-Af* s )|V/ t TF ‘| 2 G W 2 , 2 . 


5 A 

at 


H{F) + V/ J_F 


G W 2 . 2 . 


By the definition of W 2j2 , there exist »gN, Gl and Tf,..., T v G W 2j2 

such that 

o \ 2 

' H(F) + V/- Lf 


at 


-A 


F* ff 


Hence we have 


(|-i F . s )|H(F ) + v^| 


— a,\T\ + • • • + a v T v . 


< |oi||Fi| + • • • + |a^||T„ 


By the definition of W 2)2 , each T. can be expressed as 
1 


T. = 


(r-ty 


-(* V/) * (V fcl Rm * • • • * V ll Rm) * (V fl H * • • • * V £j A) * (* FF) 
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with some /, J, q , r,p, k \,..., £;/, £ 1 ,..., £ N satisfying 

/ / x J 


q+ v + ^2[ 1 + ^ ki ) + J2[^ + ^ £ j) = 2 and r - 2 ’ 


i. 


i i 


i =1 x ' 7=1 

Here note that by Proposition 14.91 and the equation (l27l) it follows that ( T — 
t )2 + 2 f |y f H| is bounded for all i > 0. Furthermore by the equation (l2Sl) it is 
clear that (T — f) 1 + ^ fc |V fe Rm| is bounded for all k > 0. Hence, for T. above, we 
have 

(T-f) 2 |T.| < C(T-t)$ r \Vf\ r 
for some C > 0. Furthermore, we have 


|V/|, = -=b=|V/| s < 1 




y/T^t' ’ J,y ~ y/T~t 

Thus we have 

(T-t) 2 \T.\<cfi r . 

Now each T. is in W 2 , 2 , so r < 2. For r = 0,1, 2, it is clear that f^ r < 1 + /. Thus 
we have proved that there exists a constant C"" > 0 such that 


C T-tf 


(|-A F .„)| fl (F) + V^| 


< C""(l + /). 


□ 


Appendix C. convergence of submanifolds 

In this appendix, we give a definition of the convergence of immersion maps into 
a Riemannian manifolds and prove some propositions. 

Let (N, g) be an n-dimensional Riemannian manifold and E be a real vector 
bundle over N with a metric h. Take a compatible connection V over E , that is, 
for all smooth sections e, / £ T(N, E) and a vector field X £ X(N) we have 

X(h(e, /)) = h(X7 x e, /) + h(e, V x f). 

Definition C.l. Let p £ N. Let K C N be a compact set and fl C N be an open 
set satisfying I\ C fb Let {4}/?Li be a sequence of sections of E defined on H and 
£oo be a section of E defined on fi. We say that converges in C p to uniformly 
on I\ if for every e > 0 there exists kg = k 0 (e) such that for k> ko, 

sup sup |V“(£k — £ oo) ’ e. 

0<a<p x£K 

Furthermore, we say 4 converges in C°° to £oo uniformly on K if 4 converges in 
C p to ^oo uniformly on K for every p £ N. 

Let be a sequence of open sets in N. We call {£4}^ an exhaustion of 

N if Uk is compact and Uk C Uk+i for all k, and U = N. 

Definition C.2. Let {Uk} < £L 1 be an exhaustion of N. Let {Cfcjfc'Li be a sequence 
of locally defined sections of E such that each 4 is defined on Uk- Let ^ be a 
section of E defined on N. We say that 4 converges in C°° to ^ uniformly on 
compact sets in N if for any compact set I\ C N there exists ko = ko(K) such that 
K C Uk for all k > ko and the sequence {4|c/ fc(J }^=k u converges in C°° to £oo|i/ feo 
uniformly on I\. 
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Definition C.3. A sequence {(N k , g k , £fc)})™i of complete pointed Riemannian 
manifolds converges to a complete pointed Riemannian manifold (Noo, g^, Xoo) if 
there exists 

(1) an exhaustion {£4}^ of N x with Xoo £ U k and 

(2) a sequence of diffeomorphisms d/,. : U k —> 14 C N k with ^'^(^oo) = x k 

such that converges in C°° to g^ uniformly on compact sets in N^. 

This notion of convergence is often referred as (smooth) Cheeger Gromov conver¬ 
gence, C^-convergence or geometric convergence. A basic fact of Cheeger-Gromov 
convergence is the following. For the proof, see I TS) . 

Theorem C.4. Let {(N k , g k ,x k )} k L 1 be a sequence of n-dimensional complete 
pointed Riemannian manifolds. Suppose that 

(1) for each integer p > 0, there exists a constant 0 < C p < oo such that 

|V p Rm(g fc )| g)c < C p for all k > 1 

(2) there exists a constant 0 < 77 < 00 such that 

m.](x k ,g k ) > V for all A > 1 

where Rm(gfc) is the Riemannian curvature tensor of (N k ,g k ) and inj (x k ,g k ) is the 
injectivity radius at x k with respect to g k . Then, there exist a complete pointed 
Riemannian manifold (Nqo, g^, Xoo) and a subsequence {ke}fjL 1 such that the sub¬ 
sequence {(N kl ,g kl ,x ki )} ( jfL 1 converges to 1 Qqo 7 ^ 00 ) • 

To prove the convergence of submanifolds in a Riemannian manifold, we need 
the following estimate for the injectivity radius of a submanifold. This estimate is 
proved by combining Klingenberg’s lemma and Hessian comparison theorem of the 
square of the distance function (cf. Theorem 2.1 in jl]). 

Theorem C.5. Let {N,g) be an n-dimensional complete Riemannian manifold 
with 

|Rm(ff)| < C and inj(jV, 3)>?7 

for some constants C,r) > 0. Let M be a compact manifold and F : M —► TV be an 
immersion map with 

\A(F)\<D 

with some constant D > 0. Then there exists a constant 6 = S(C , rj , D,n) > 0 such 
that 

inj (M,F*g) > 6. 

The following remark partially overlaps with Remark 11.81 

Remark C.6. In the remainder of this appendix, for a complete Riemannian man¬ 
ifold ( N,g ), we assume that we have an isometrically embedding 0 : A^ —> (R L ,g st ) 
into some higher dimensional Euclidean space with 

|V44(0)| <D P < 00 

for all p > 0. Under this assumption, one can see that (AT, g) must have the bounded 
geometry by Theorem 1C.51 and Gauss equation (1551) (and its iterated derivatives), 
and note that all compact Riemannian manifolds always satisfy this condition. For 
a map F : U N from an open set U in some Riemannian manifold ( M,h ), by 
composing 0, we have a map 0 o F : U —> and furthermore we consider 0 o F 

as a section of the trivial R L -bundle over U with a fiber metric g s t- We write the 
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standard flat connection of the trivial R L bundle by V. Then V(0o F) is a section 
of T*M over U. The Levi-Civita connection on TM and the connection V on 
R L induce the connection on T*M ®R L , and we use the same symbol V to denote 
this connection. 

The following is the definition of the convergence of (pointed) immersions. It is 
the immersion map version of the Cheeger-Gromov convergence. 

Definition C.7. Let (N,g) be a complete n-dimensional Riemannian manifold 
satisfying the assumption in Remark 1C. 6 1 (= Remark 11.81) . Assume that for each 
k > 1 we have an m-dimensional pointed manifold ( MXk) and an immersion map 
Fk : Mk —> N. Then we say that a sequence of immersion maps {Fk : Mk —> N}^L 1 
converges to an immersion map F ,^ —> N from an m-dimensional pointed 

manifold if there exist 

(1) an exhaustion {Uk}kLi of M a0 with Xoq G Uk and 

(2) a sequence of diffeomorphisms : Uk —> 14 C Mk with 'L fc ( a ; 00 ) = Xk 
such that the sequence of maps Fk o : JJ k —>. N converges in C°° to 
Foo ■ Moo —> N uniformly on compact sets in M aa . 

It is clear that if {Fk : ( Mk,Xk ) —»• N} k L 1 converges to F ^ : {M a 0 ,^ 00 ) N 
then {( Mk,Fkg,Xk)}kLi converges to (Moa, F^g,x 00 ) in the sense of Cheeger- 
Gromov convergence. To prove Theorem 1C.91 we need the following Lemma. For 
the proof, see Corollary 4.6 in [5j. 

Lemma C.8. Let M be a manifold , K be a compact set in M and U be an open 
set in M with K C U. Assume that we have Riemannian metrics g and g on U, 
and these two satisfy 

\V e (g-g)\ g < e e on K 

for some constants tt for all t > 0, where V is the Levi-Civita connection with 
respect to g. Let E —» U be a vector bundle over U with a fiber metric h and a 
compatible connection V, and T be a section of E over U which satisfies 

\V e T\g m <C e on K 

for some constants Ce for all l > 0, where V is the connection induced by the Levi- 
Civita connection with respect to g and the connection V. Then for each £ > 0 
there exists a constant Ci which depends only on {e P }p = o an ^ {vp}p =0 suc ^ ^at 

\V e T\ g ® h <C e on K, 

where V is the connection induced by the Levi-Civita connection with respect to g 
and the connection V. 

Theorem C.9. Let ( N,g ) be a complete n-dimensional Riemannian manifold sat¬ 
isfying the assumption in Remark IC.6I (= Remark |l.8l) . Let {(Mk,Xk)}{fLi be a 
sequence of compact pointed m-dimensional manifolds and {Fk : Mk —> be 

a sequence of immersions with 

|V p A(Ffc)| <D P < 00 

for all p > 0. In the case that ( N,g) is non-compact, we further assume that 
{Fk(xk)} < jfL 1 is a bounded sequence in N. Then, there exist a pointed manifold 
(MoqjX 00 ), an immersion F, x : M 00 —> N and a subsequence {ke} c ^L 1 such that 
{Fk t ■ Mk t —t N}fZ 1 converges to F^ : M^ —> N and (Moo, F^g) is a complete 
Riemannian manifold. 
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Proof. First of all, we prove that the sequence {(M k , F k g, Xk)}^ =1 sub-converges 
to some complete pointed Riemannian manifold (Moo, hoodoo)- By Remark 1C.61 
(= Remark [IT51) . ( N,g ) has bounded geometry, that is, 

|V p Rm(g)| < C p < oo and m](N,g) > rj > 0 

for some positive constants C p and rj. Then, by Theorem lC.51 there exists a constant 
6 = 5(Co, g, D 0 ,n ) >0 such that 

inj (M k ,Ffg) >S> 0. 

We denote the Riemannian curvature tensor of (M k ,F£g) by Rm (F k g). Then, 
by Gauss equation (1551) and its iterated derivatives, we can see that there exist 
constants C p > 0 such that 

\X7PRm(F*g)\ <C p < oo, 

for all p > 0, where each C p does not depend on k. Then, by Theorem 1C.41 
{(Mk,F£g,Xk)}f!Li sub-converges to some complete pointed Riemannian manifold 
(Moo,/loo, Zoo). Note that, in the following in this proof, we continue to use the 
letter k for indices of subsequences. Since (M k , F k g , x k ) converge to (M^, /loo, Zoo), 
there exist an exhaustion U k of M 0 c with Xoo £ U k and a sequence of diffeomor- 
phisms 'Ffc : U k -t 'F k(U k ) C M k with ^(z^) = x k . 

Next, we prove that the sequence of smooth maps F k o'& k : U k —> N sub-converge 
to some smooth map F^ : M oo —> N uniformly on compact sets in Moo ■ We denote 
QoF k o\k fe : U k —t> R l by F k for short. We will use the standard diagonal argument 
to construct a map F^ : M ^ — >• N . Take a sequence of radii R\ < FL 2 <•■•—>• oo, 
and consider balls Bi := B koo (Zoo, Ri) C 

First of all, we work on B\. Since U k is an exhaustion, there exists k\ such that 
B\ C U k for all k > k±. Hence we have a sequence of C^-maps F k = 0 o F k o : 

( U k D)Bi —> restricted on Bi for all k > k\. 

(0): C'°-estimate. First, we derive a C 0 -bound for F k . If N is compact, then the 
image 0(7V) is a compact set in R L and contained in some ball 

B 9st (0,c o ) = {?/eR i I l//Lt < Co} 

with radius Co- Since each image F k (Bi) is contained in Q(N), we have 

I Fk\g Bt < C 0 on B 1 . 

It is clear that the constant Cq does not depend on k. If N is non-compact, 
we need some additional argument to get a C°-bound. Since \F£g st — /looU^ = 
\^ k (F k g) — ^oo—► 0 uniformly on Bi, for a given e > 0 there exists fc((> k\) 
such that on B\ 

\F k g st ~ < e for k > k(, 

and this implies that 

\F k (x 00 ^) Fk(F) | g st Ci Vl + e (*^oo j C Vl + ~r.R\ 

for all z £ B\ and k > k(. Furthermore, by the assumption for the non-compact 
case, {F k (x k )} < jfL 1 is a bounded sequence in N. Hence F k (x oo) = (0o F k )(x k ) 
is also a bounded sequence in R L , that is, there exists a constant Cq such that 
|-Ffc(a.’oo)|g s t < Co- Hence we have 

I F k | g si < Cq + Vl + f li\ =: Cq 
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for k> k[. It is clear that Co does not depend on k. Hence we get a C°-bound. 

(1) : C 1 -estimate. Next, we consider a C 1 -bound for F k . One can easily see that 
V gst F k = DF k . Since F k : (Bi,F£g st ) —► ( R L ,g st ) is an isometric immersion, we 
have a C 1 -bound 

I^flst |_F* g st (g) g st \DFk\F£g Bt <8>gst — ■ ^1 ■ 

(2) : C 2 -estimate. Next, we derive a C 2 -bound for F k . Let V be the connection on 

( ® P T*M ) (g) (j> > 0) over B\ induced by the metric Fj*g st and g s t. Note that 

V = V Sat for p = 0. Since XF k = DF kl we have 

V 2 F fc = A{F k ), 

the second fundamental form of the isometric immersion F k = O o F k o : 
(Bi,F£g st ) —► (K L ,g s t)- Hence, by using the composition rule for the second fun¬ 
damental forms of immersions, we have 

\7 2 F k (X,Y ) =A(F k )(X,Y) 

=A(0)((F k o V k )*X, (F k o & k )*Y) + G.(A(F k )(V k .X, <F fc *y)) 

for any tangent vectors X and Y on M. By using the notion of ^-product, this 
identity is written as 

(46) V 2 F fc = H(0) * (I D{F k o *)) + A(F k ) * DQ * (l D^ k ). 

Since \D{F k o ^ k )\F*g Bt sg = \ D ^k\ F* 9at ®F* s = V™ and |-D0| s ® ffat = y/n, we have 

I ^ ^ ^k 9st ®9st — C' 2 \Am g ® 9si +C'l\A{F k )\F* kg ® g 

for some constants C 2 and C 2 which do not depend on k. Furthermore, by the 
assumptions, we have |4l(0)| g ® Sst < Dq and \A(F k )\F* g ® g < Dq. Hence we have a 
C 2 -bound 

|V 2 ^| P;g Bt ® gst < C' 2 D 0 + C 2 Dq =: C 2 . 

It is clear that C 2 does not depend on k. 

( p ): C p -estimate. By differentiating (1461) . we can get a C p -bound. We only observe 
a C 3 -bound. Note that for any tangent vectors X and Y on M we have 

WF* get ®gD(F k O * k ))(X,Y) = A{F k o V k )(X,Y) = A(F k )(* km X,* km Y). 

By using the notion of ^-product, this identity is written as 
^FZg at ®g D (F k o 'F fe ) = A(F k ) * (*D^ k ). 

Furthermore, note that V s ® ff3t Z)0 = H(0) and V F , F , g D 'L k = 0. Hence we 
have 

V 3 F fc =V g0gst H(0) * (* D(F k o #*)) 

+ 2A(0) * D(F k o 4/fc) * A(F k ) * (* -DU/*,) 

+ ^ F*g®gA(F k ) * DQ * (* DH/fc) 

+ A(F k ) * >1(0) * (* D^k). 
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By the assumptions, norms of all tensors appeared in the above inequality is 
bounded. Hence we have a C 3 -bound 

| V 3 Fk | p* g gt ® 0 st ^ C3 

for some constant C 3 which does not depend on k. For higher derivatives, one can 
prove that there exists a constant C p > 0 which does not depend on k such that 

|V P A|^ 8t0ffst < 4, 

by induction. 

On the above argument, we have proved that there exist constants C v (p > 0) 
which do not depend on k such that |V p Ffc|pi» fl8t(8flBt < C p . Hence by Lemma l(X8l 
we can prove that there exist constants C p ( p > 0) which do not depend on k such 
that 

|V P -F/ s |/ lao ® flst < Cp- 

Hence, by The Arzela-Ascoli Theorem, there exists a smooth map Fy t00 : By —> R L 
and Fk sub-converges to Fy t00 in C°° on By. Since all images F k (By) are contained 
in 0(AT), the image Fy }00 (B 1 ) is also contained in Q(N). Furthermore Fy >00 : By —> 
K l has the property that 

-^l,oo5st = ^'OOl 

since |F\* | 00 flr st - hoo\ haa < |-Fi,oo 5 st - F£g st | hoo + 1 F£g st - and the right hand 

side converges to 0 as k —> 00 on By. Thus, especially, Fy t00 : By —> is an 

immersion map. 

Next, for the subsequence of Fk which converges to F l oo , we work on B-2 . Then 
all the above argument also work on B2 and we can show that there exists a smooth 
immersion map F 2 , 00 : B 2 -> Q(N) C M L with F^^gst = hoc and F 2j00 = Fy <00 
on By and F k sub-converges to F 2>00 in C°° on B 2 . By iterating this construction 
and the diagonal argument, finally we get a smooth immersion map FA, : —>• 

Q(N) C K L with F^g st = and F k sub-converges to F^ uniformly on compact 
sets in in C°°, and the map defined by F x . := 0 _1 o F^ : M a 0 -A N is the 
requiring one satisfying the properties in the statement. □ 
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